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The path integral formulation of field theory has led to 
many of the most important developments in theoretical physics 
over the past several decades. However, the anomalies appearing 
in the Ward identities were not explained in this formalism 
till 1979 when Fujikawa, in a remarkable series of papers', 
derived almost all known anomalies as the change in functional 
integral measure under the corresponding symmetry 
transformation. However, Fujikawa’s derivations which have 
occasionally been referred to as non -perturbative are, in fact, 
valid only to one loop order. 

A part of this work is concerned with extending Fujikawa’s 
derivation of the chiral anomaly to all orders in perturbation 
theory. Fujikawa’s formalism consists of regularizing the 
ill-defined anomaly term by using a cutoff M on large 

eigenvalues of the operator p and taking the limit ►<» at 

the end of the calculation. However, as we have argued, the 
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operation of interchanging the limit and performing the 
functional integral (which is implicit in Fujikawa's 
derivation) is not valid beyond one loop order. The expression 
for the regularized anomaly can be expanded as a power series 
in (the first term of the series yielding the chiral 
anomaly) and beyond one loop order all the terms in this series 
may contribute to the anomaly. To prove the Adler-Bardeen 
theorem in this context , one must take into account the 
contributions coining from the Green’s functions of these higher 
order terms also. 

We have obtained the general form of these higher order 
terms and then, by considerations of their divergence structure, 
we have obtained a form for the chiral anomaly equation which 
is valid to all orders in perturbation theory. Finally, we have 
presented an argument, not entirely within path integral 
framework, for the Adler-Bardeen theorem. 

The second part of this work deals with the problem of 
obtaining a finite energy momentum tensor in theories involving 
scalars. One can always introduce new infinite counterterms to 
make matrix elements of the energy momentum tensor finite, but 
this amounts to introducing additional parameters to the theory 
in the presence of gravity apart from the usual parameters of 
the flat space theory. However, if one improves the energy 
momentum tensor in accordance with a finite improvement 
program, then no independent renormalization is needed to 
renormalize the energy momentum tensor and hence, no extra 
parameter from the experiment is required. In X0'*-theory , a 
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finite improvement program was given by Collins in which the 
coefficient of the improvement term (which is added to make the 
energy momentum tensor finite) is a finite function of 
renormalized parameters and r(=4-n). This improved energy 
momentum tensor was found to be finite to all orders and the 
improvement coefficient was actually a function of e only. 

In this work, we have given a new interpretation of finite 
improvement program in which the improvement coefficient is a 
finite function of bare quantities. This kind of improved 
energy momentum tensor is more desirable than the one given by 
Collins (i.e. when the improvement coefficient is a finite 
function of renormalized quantities) because it is derivable 
from an action which is a finite function of bare quantities 
(as an action should be) and no extra renormalization condition 
(independent or not) is needed at all, Collins’ improvement 
coefficient, being a function of e only, is a special case of 
this kind of improvement coefficient also. We have proved a 
uniqueness theorem stating that Collins’ improved energy 
momentum tensor is the unique energy momentum tensor of this 
special kind also. 

We have also considered the possibility of having a finite 
improvement program in theories involving scalars and having 
two coupling constants. We have considered four such theories : 

(i) Scalar Quantum Electrodynamics 

(ii) Non abelian gauge theories with scalars 

(iii) Yukawa theory 

(iv) A theory of two interacting scalar fields. 
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We have proved in the context of each of these theories 
that it is impossible to make the matrix elements of the energy- 
momentum tensor finite by adding to it an improvement term of 
either of the following two kinds*. 

(1) One, in which the improvement coefficient is a finite 
function of bare quantities 

(2) One, in which the improvement coefficient is a finite 
function of renormalized quantities. 

The implication of this negative result is that in these 
theories an extra piece of experimental information is 
necessarily needed to describe the theory in the presence of 
gravity . 
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CHAPTER 1 


INTRODUCTION 


Anomalies were first discovered by applying perturbation 
theory methods to the calculation of various physical 
amplitudes [ 13 . The famous triangle diagram contributes to the 
two photon matrix elements of the axial vector current when 
computed in one loop approximation. Adler [2] was the first to 
show that the anomalous breakdown of the axial vector Ward 
identity could be described by replacing the naive expression 
2tm^vV_V' of the divergence of the axial vector current' by 

O S 


d = 2t.m„vr^v' *>■ 

(J ^ OS 


8n 


FF 


It was shown later by Adler and Bardeen[33 that the 
anomalous term in this equation receives contributions only 


from the one loop matrix elements, i.e. higher loop diagrams do 
not contribute to the chiral anomaly. The original statement 
given in the context of spinor electrodynamics for the Adler 
Bardeen non renormalization theorem makes use of a cutoff. 
These non renormalization theorems have been proved in various 
regularization schemes and also by the use of renormalization 
group methods [4], However, in the path integral framework, 
where the anomalies have been obtained by Fujikawa [5] as a 
change in the functional integral measure, this aspect of 
higher order corrections to the anomaly equation has. 
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unfortunately, been ignored. Non-renormalization of chiral 
anomaly has sometimes given rise to the misconception that the 
results obtained by Fujikawa's procedure are exaot . However, 
these results hold only to one loop orderC6,7]. 

In the first part of this thesis, we shall be oonoerned 
with the non-renormalization of chiral anomaly within 
Fujikawa's path integral framework. In this formalism, as 
stated earlier, the anomaly arises as the Jacobian factor for 
chiral transf ormation. To obtain this change in measure, 
Fujikawa expands the fermion fields in terms of a complete ,set 
of basis functions <p (x) which are actually eigenfunctions of 

n 

the gauge invariant, hermitian operator p in Euclidean space. 
In this basis, the change in the functional integral measure 
involves (x) which, being an ill-defined object, is 

S' n 
n 

regularized by using a cutoff such as exp(-X*/l^), where X. ’s 

n n 

are the eigenvalues of p. Fujikawa expands the expression for 
regularized anomaly in powers of evaluates the 
M-independent part as the chiral anomaly and then takes the 

limit Ko, thus neglecting the higher order terms in the 

series in M*. However, this limit is to be taken after 
performing a functional integral and it is quite possible that 
the Green’ s functions of these higher order terms have 
divergences of sufficiently high order in if, so that the 
contribution coming from them may be non vanishing (as 
elaborated in Chapter 2). Thus, to prove the Adler Bardeen 
theorem, one must take into account all the terms in this 
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series . 

We have had a partial success in -this direction by- 
obtaining a general form of these terms and in obtaining from 
that a form for the anomaly equation which is valid to all 
orders in perturbation theory. We have also given an argument 
for the Adler Bardeen theorem by using a result from Pauli 
Villars regularization. 

In the remaining part of the thesis , we have dealt with a 
finite improvement program, which is used in scalar theories to 
obtain finite matrix elements for energy momenttim tensor 
without introducing any independent renormalizations. 

Renormalization of energy momentum tensor has been a 
subject of keen interest due to its physical 
significanceC8-16] . Apart from the usual canonical methods, the' 
energy momentum tensor can also be obtained from the curved 


space action St<A,g3 using 

e - 2 <5SC<^,g3 

iiv V-g 

This energy momentum tensor, which is the source of 
gravitation, is related to physical processes — its matrix 
elements represent scattering in the presence of a weak 
external gravitational field — and hence finiteness is an 
important i 3 sue[ 103 .In theories involving scalars, the energy 
momentum tensor derived from the minimal Einstein action does 
not have finite matrix elements even to one loop order. 
However, one may always add to this action non -minimal terms 
which are consistent with the principle of general covariance. 


i 

I 

i 
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There are such non-rainimal terms which lead to energy momentiim 
tensors containing improvement terms not present in the energy 
momentum tensor obtained via minimal Einstein action. But such 
terms are allowed so long they do not alter the conserved 
quantities. This idea of improving the energy momentum tensor 
so as to make its matrix elements finite has been pursued by 
various authors [8-15] . 

The advantage of obtaining finite matrix elements by using 
a finite improvement program over the usual method of 
renormalizing 6 ^^ by adding infinite counterterms is that in 
the former case there is no need for any additional 
experimental data in the presence of gravity, whereas in the 
latter case, the parameters of the flat space theory are no 
longer sufficient and some extra experimental information is 
necessarily required to define matrix elements for processes in 
presence of weak gravitational f ield[16-203 . 

It has been shown by Collins [13] that a finite improvement 
program exists in \^^-theory, which gives finite matrix 
elements to all orders in perturbation theory. However ■, the 
general form- of the energy momentum tensor suggested by Collins 
is not derivable from an action which is a finite function of 
bare quantities. Thus, the action contains additional infinite 
counterterms apart from the usual renormalization covmtertearms 
of the flat space theory (although these counterterms are 
determined by the theory and no extra experimental input is 


needed) . 
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In the present thesis, we emphasize on the desirability of 
a different kind of improvement program in which the improved 
energy momentum tensor is derivable from an action which is a 
finite function of bare quantities. Such an energy moment'um 
tensor does not introduce any infinite counterterms in the 
action and no extra renormalization condition (independent or 
not) is needed[19]. 

As will be explained later in detail, there can be two 
different interpretations of the finite improvement program; 
TYPE I Improvement program, in which the improvement 
coefficient is a finite function of bare quantities. 
TYPE II Improvement program, in which the improvement 
coefficient is a finite function of renormalized 
quantities . 

In -theory, a finite energy momentvun tensor of type II 
has already been shown to exist by CollinsC13]. This energy 
momentum tensor is, in fact, a function of c only and is the 
unique energy momentum tensor of type II. However, this energy 
momentum tensor is a special case of type I improvement also 
and hence the existence of a successful type I finite 
improvement program is already -established. However, there may 
be other energy momentum tensors of type I which may also have 
finite matrix elements. We have proved a uniqueness theorem 
regarding this, which states that an energy momentum tensor of 
type I, if finite to all orders, is the unique energy momentum 
tensor of this kind [16]. 
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In the later part of the thesis, we have dealt with the 
possibility of having a finite improvement program in scalar 
theories having two coupling constants and additional fields. 
We shall prove, in the context of four such theories, that it 
is, in fact, impossible to have a finite improvement program of 
either type I or type IIC17-20]. 

The plan of the thesis is as follows: 

In chapter 2, we shall deal with the problem of obtaining 
higher order contributions to the chiral anomaly within 
Fujikawa’s framework. In chapter 3, we shall discuss various 
interpretations of the finite improvement programs and stress 
on the significance of type I improvement program. In chapter 

4, we shall prove the uniqueness theorem stated above for the 
-theory. We will also show that the improved energy momentum 

tensor of type I can be derived using canonical methods from a 
bare action containing second derivatives of fields. In chapter 

5, we shall deal with the energy momentum tensor of scalar 
Quantum Electrodynamics and will establish the impossibility of 
having a finite improvement program of either type I or type 
II. In chapter 6, we shall establish the same negative result 
for three other theories involving scalars and having two 
coupling constants. These theories are — non-abelian gauge 
theories with scalars, Yukawa theory and a theory of two 
interacting scalar fields. 
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CHAPTER 2 


NON RENORMALZATION OF CHIRAL ANOMALY 

[2. 1 3 INTRODUCTION 

In any classical field theory, corresponding to every 
continuous symmetry of the Lagrangian there exists a 
conservation law given by Noether’s theorem. These local 
conservation laws give rise to certain relations among Green’s 
functions of the theory. Such relations among Green’s functions 
following from the symmetry properties of the Lagrangian are 
called Ward identities. These identities play a crucial role in 
the derivation of current algebra low energy theorems and are 
also essential in the renormalization programme of any theory 
with non trivial symmetries. Therefore, it is important to 
check that these identities are not spoiled by higher order 
correction terms in perturbation theory. Indeed, there are 
situations in field theory, where a (classical) local 
conservation law derived from gauge invariance with the aid of 
Noether’s theorem holds at tree level but is not respected by 
loop diagrams. Terms that violate a classical conservation law 
are known as anomalies- As an example, consider the Lagrangian 
of Quantum Electrodynamics (Q. E. D) ; 

£ - ^(x) (i.^-m)v'(x) - ~ (2.1) 

which is invariant upto mass terms under the local chiral 
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transformation 

W(x) » exp(ia r )V'(x) 

V(x) > ^(x)exp(i.a ?- ) (2.2) 

Noether’s theorem leads to the following divergence equation 

= Zm^L^ix)r^Wix.) (2.3) 

where ^ is the axial vector current. This 

conservation equation leads to the following axial vector Ward 
identity relating 3-point Green’s functions 

<2-«) 

where 




= t J* d'’ x^ d" < 0 1 T ( J ( X J ( 0 ) j 0 > e " Va' 




= tXd"x^d"x^<0|T(J^(x^)J^{x^)J =’(0)|0>e"^V"V2 


(2.5) 


J (x) and J^(x) are respectively the vector and pseudoscalar 
currents given by 

J^(x) = ^(x)r^^(x) ; Jjj(x) = ^{x)r^<f^ix.) (2.6) 

and q = k +k . 

12 

However, when one calculates the lowest order contribution 
to T .. and T coming from the triangle diagrams, it is found 
that the naive Ward identity of Eq.(2.4) is not satisfied. 
These diagrams are superficially linearly divergent and hence 
are ill-defined. Adler[l] calculated these diagrams using a 
cutoff regularization and obtained the following anomalous Ward 


identity, 
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<3^T . = 2mT — ^ £ __ 

[JL-VK (ju ^ ij-upcr 1 z 


k^k.^ 


(2.7) 

This leads -to a modification of axial vector current 
divergence equation as 

4 i 

( 2 . 8 ) 


= 2m^t^(x)r,¥'(x) - (x) 


5 o ' ' "3' 2 ~iJV' p<y’ 

i<srr ^ 

The second term on the right hand side discovered by Adler [1] 
and also by Bell and Jackiw[2] in their current algebra studies 
is the anomalous term known as ABJ or chiral anomaly. 

ABJ anomaly arises due to higher order corrections. 
However, the anomalous term in Eq.(2.8) has been derived only 
in lowest order. One may expect a further modification of 
anomaly when corrections to Eq.(2.8) in orders higher than the 
lowest non-trivial order are taken into account. This is true 
in certain other cases e.g.the trace anomaly, but for the 
chiral anomalies the coefficient of anomaly is not affected by 
higher order radiative corrections . Adler and Bardeen[33 showed 
that the triangle diagrams with more than one loop do not 
contribute to the anomaly term. This statement of non 
renormalization of chiral anomaly is in particular the content 
of Adler Bardeen theorem. 

ABJ anomalies may occur whenever there are fermions in the 
theory. Typically, this happens when a proper vertex involving 
an odd number of axial vector currents cannot be regularized in 
a way that preserves all the Ward Takahashi (WT) identities on 
such a vertex, and as a result some of the WT identities have 
to be broken. The reason for occurence of these anomalies is 
not the inability to devise a proper regularization scheme. In 
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certain theories such a scheme is impossible to devise. 

Originally, Adler had derived the chiral anomaly in 
Eq.(2.8) using conventional cutoff regularizationCl] . One may 
question how the anomalous term appears in other regularization 
schemes. In dimensioinal regularization, the problem shows up 
as the difficulty in defining in space time dimension other 
than four [4 3 . Derivations of anomalies using Pauli-Villars 
regularization [5] and point splitting regularizationCS] are 
also well known. We shall be concerned here only with the path 
integral derivation of chiral anomaly. In path integral 

formulation, as shown by Fu jikawaC? , 8] the anomaly arises as 
the change in the functional integral measure. In Fujikawa 
formalism, Jacobian is an ill-defined quantity. Fujikawa 

regularizes this quantity in terms of eigenvalues of the 
operator and evaluates the anomaly by taking the limit 
oo in the end, where M is the regulator mass. Fujikawa derived 
all known anomalies by this procedure[7-133 . Since then, 
various authors have offered modified or alternative versions 
of his results [14-17] . 

Fujikawa’s derivations of anomalies have occasionally been 
labelled as non-perturbative[14-, 18] . This label has generally 
been applied to chiral anomaly in various theories. Non 
renormalization of chiral anomaly allows one to maintain this 
misconception that these results are exact. However the, 
results obtained in this approach are true only in one 
approximation. There are a number of reasons for this: 


loop 
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(i)One does not know how to calculate any quantity in Q.G.D. 
exactly. Renormalization can be carried out only in the context 
of perturbation theory. This necessitates the need for a 
regularization scheme consistent with Fujikawa's formalism. 
However, Fujikawa’s regularization of anomaly is ad-hoc in the 
sense that only the ill-defined Jacobian factor is regularized 
in terms of eigenvalues of operator There is no prescription 
for regularising the Green’s functions of the theory. It is, 
therefore, necessary to first develop a perturbation scheme 
based on regularization involving eigenvalues of operator p for 
calculating Green’s functions. 

It has been claimed by Verstegen[16] that the regularized 
Jacobian factor can directly be obtained from a modified 
Lagrangian density. When the Lagrangian is so modified, the 

V 

Green’s functions of the theory are also regularized in terms 
of the same cutoff M as appears in the regularized anomaly and 
one would think that Fujikawa’s results are rigourously valid 
in such a scheme, since all Green’s functions are regularized 
in terms of eigenvalues of the energy operator However, the 
modified Lagrangian density suggested by Verstegen is 
necessarily of non-polynomial type. The regularization function 
f(x) in Fujikawa’s regularized Jacobian factor is required to 
satisfy the following properties, 
f(0)=l ; f (00)=:f ’ (oo)=. =0. 

This precludes f(x) from being a polynomial. Therefore, the 
usual theorems of renormalization, which apply only to a local 
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polynomial Lagrangian, do not apply to this modified Lagrangian 
density, which contains derivatives of fields to arbitrarily 
high orders and is therefore necessarily non-local. 

However, we shall assume that we are working in the 
context of a regularization scheme in which the Green’s 
functions of the theory are also regularized in terms of 
eigenvalues of the operator 

(ii ) Fujikawa ’ s procedure leads only to the leading contribution 
to the trace anomaly [10] .However, if this formalism were to 
yield exact non-perturbative results , one should be able to get 
exact trace anomaly. This is another indication that Fujikawa's 
procedure gives only one loop anomaly. 

(iti)In the anomaly equation for ^ , the anomalous term 
appears as a functional integral 

Aw (x)expCt (S^jj,+source terms)] 

where A^(x) is the regularized Jacobian factor and is a 
functional of gauge fields. A^(x) is inside the functional 
integral. As will be shown later, to evaluate <A^(x)>, is 
expanded as an infinite series in the regulator mass M; 

A^(x) = r 


s 0(4)+ 


0 ( 6 ) ^ 
z 

M 


0 ( 8 ) 


0(2n) 

zn-4 


(2.9) 


where 0(2n) turns out to be a gauge invariant functional of 

dimension 2n, 0(6), 0(8), ' are themselves of 0(g*) (or 

higher). In evaluating <Aj^(x)> to O(g^), one needs to take 

tree Green’s functions of 0(6), 0(8), which are always 

finite. Hence to this order 
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l|.m <A^(x)> = < ligi A^(x)> (2.10) 

M — ^CD M >00 


which gives the anomaly term . However , as observed also by 
Shizuya[19 , 203 , this equality may not hold in higher orders. 
The higher orders terms 0( 2n) /M^’^ , n=3,4"" could contribute 

in higher orders in perturbation theory. To see this, imagine a 
perturbation scheme in which Green’s functions are also 
calculated with a cutoff on the eigenvalues of operator 1 ^, Then 
the Green’s functions of 0(2n) will generally contain 
divergences of order hf" * upto factors of Inb^ , [There are no 
divergences of order ^ as will be shown later]. Now when the 
Green’s functions of 0(2n)/M^'^‘* ai'e calculated for finite M* 
and then is let go to infinity, <0(2n)>/M*" * may contain 
finite pieces as well as pieces that diverge as (Inf^)**. In any 
case, these terms will lead to non-vanishing and probably 
divergent contributions in higher orders. Hence, if one is to 
prove Adler Bardeen theorem, all the terms in the series for 
A^{x) should be dealt with. Rigourously, one should first find 
the divergence structure of <0(2n)> and take the limit 
<0(2nl>/M^'""^ 

M — ►<» 


for each n and then sum the series in Eq.(2.9) to obtain the 
anomaly equation to all orders. 

In this chapter, we shall deal with the series in Eq.(2.9) 
to obtain the following form for the anomaly equation which is 


valid to all orders, 

2im _ .. 

^ = If/ y y/ - 

l+f(g^,lnM^) 8rr" 


l■.f(g^lnM") 


Tr(F „ F ) 
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where f(g^,lnM^) is a power series in and . 

To prove the Adler Bardeen theorem in this context, one 
should prove that the coefficient f(g^,lnl^) is aero. We have 
not been able to do so entirely within the path integral 
framework. However, we have succeeded in obtaining the above 
form for the anomaly equation and then, using this form we have 
given an arguement for the Adler Bardeen theorem. 

[2.2]PRELIMINARIES 

In this section, we shall fix our notations and state some 
results about renormalization of gauge invariant operators, 
which will be needed in future discussion. 

We shall mainly use the notation of Ref. 8. r matrices are 

O )c 

as used in Ref. 21. r is hermitian and y (k=l,2,3) are 

antihermit ian,r*=ty is antihermitian. The hermitian r is 

o ^ 

... ,, 0123 1234 

defined by r str y r r =-r r r y ■ 

We shall consider the Lagrange density of SU(N) Yang-Mills 
field coupled to fermions in the fundamental representation of 
SU(N), 

Jg’ = y V - m^w + — ~ Tr(F^^F ) (2.11) 

The path integral in Euclidean space is defined by first 
continuing to Euclidean space-time. After the Wick rotation 

y^——¥-tx*,A *tA the operator =■ y^D^ = becomes a 

hermitian operator . Here 
= gA^®(x)T® 

; Tr(T®T*>) = 1 



2-9 


F„ = ^ A - <9 A + [A ,A 1 = g T^F ^ (2.12) 

(JU ‘fj V V/J “o (JX> 

After the Wick rotation the metric becomes 

V = 8^"= (-1,-1, -l.-l) 

The functional integral is defined as 

,f3=X^A^^' ^c2>cexp|^S^^j.[A,c,c,v^,v3+/d‘‘x[J^A^+ fv+ 3 } 


W[0, 0,03s 1 


( 2 . 13 ) 


where S .,CA,c,c,v',V'3 is the effective action including Faddeev 

01 J 

Popov ghost terms of the ghost fields c and c. 

We shall be using the following results regarding 
renormalization of gauge invariant operators, which have been 
proved in the context of dimensional regularization[22-243 ^ 

[A] The operators that mix under renormalization with gauge 
invariant operators are either of the following three types; 

(a) Gauge invariant operators 

(b) Operators of the form 

_£i ££ + H + E + X? F (2,14) 

6^ 6{d o") Sy^ ^ ^ ^ 

fj pj CL b 

where S = gauge invariant action + ghost action and F is a 
functional of A ,y^ with correct ghost structure [22 3 • 
S is the BRS variation operator for A,c,v,v. 

O ^ 

(c) X [A.o,E,V',v3 (2.15) 

6c° ° 

where X is a local functional of its arguments. 

a 

[B3 The above set of operators is closed under renormalization 
to all orders. 

We shall need only the following two corollaries of the 


above results, 
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Corollary 1. ; In a Yang-Mills theory with fermions only, there 
is no operator of dimension two that can mix with a gauge 
invariant operator to any order. (Proof : There is no such 
operator amongst the types (a),(b) and (c) listed above). 
Corollary 2: The only pseudovector group scalar operator of 
dimension three ( in Yang-Mills theory with fermions only) that 
can mix with a gauge invariant operator is y r r v'- (Proof: This 

(J 5 

is so because the operators in (b) and (c) have dimension four 
or more) . 

The results [A] and [B] have been proved in the context of 
dimensional regularization. Their validity in case when the 
regularization is in terms of the cutoff on eigenvalues of ^6 
needs to be verified. However, these results and the 
corollaries 1 and 2 depend purely on the form ^ the HI 
identity of gauge invariant operators which is the saune for 
either regularization, and hence are bound to be valid. 

E2.33PATH INTEGRAL DERIVATION OF CHIRAL ANOMALY 

In this section we will briefly review Fujikawa’s 
procedure [7,83 for obtaining the chiral anomaly in the path 
integral framework and will then explain the one loop nature of 
his results. 

The anomaly equation in path integral formalism is derived 
as the WT identity obtained by applying the local chiral 
transformation 

t 

— y/' (x) = expCio (x)r^]V'(x) 
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¥'(x) > V'’ (x) = v'(x)exp[ta(x)r„] ( 2 . 16 ) 

15 

to the functional integral in Eq. ( 2 . 13 ) . Under the above 
transformation, the Lagrangiah in Eq.(2.11) changes to 

£ > £ - ^ a(x)^ - 2i.m^a(x) ^ Y^ (2.17) 

y. 5 0 5 

for an infinitesimal ot(x). Fujikawa made the observation that 
the path integral measure JZV .’Dv? is not invariant under chiral 
transformation. To obtain the variation of measure under chiral 
transformation he expanded fermionic Grassman variables euid 5? 


in terms of 

eigenfunctions of 

the operator 

T}>. Assuming 

the 

system to 

be 

enclosed in 

a large space 

time 

box. 

the 

eigenvalues 

of 

the operator 

^ are discrete and 

real . 

The 

eigenfunctions 

satisfy 




1 

( X ) 

= X 

( X ) 

n r> 



(2. 

18) 

where 4' ( x ) 

n 

are 

four spinors 

satisfying the 

orthogonality 

anc 


completeness properties: 

/d‘*x < 3 !>^(x)<^ (x) = ' (2.19) 

n m mn , 

and : 

E <P (x)<^^(y) = 6‘*(x-y)l (2.20j 

n n 1 

n , 

One expands and v' as , i 

+ ' i 

¥'(x)=Ea<^(x) ; V'(x)=E (x) (2.2lj 

n n n n ; 

■ n n ( 

where a and b are independent Grassman variables . Then th 

n n { 

i 

path integral measure is defined as ! 

3>f/ - pjda n*^b^ (2.2^ 

n n j 

Under the chiral transformation of Eq.(2.16) coefficients j 

i 

and b transform as i 

n s 

[ 
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a’ = E C a and b’ = E C b 

m mn n m mn n 

n n 

where C = Sd x <p (x)exp[i.o((x)r ]0 (x) 

mn m 3 n 


(2.23) 


Taking into account the Grassmanian nature of a and b we have 


nda' =(detC)~nda 


ndb; =(detC)-'ndb^ 


(2.24) 


The Jacobian factor (detC) ^ evaluated for infinitesimal a(x) is 


(detC)' 


exp[-t/d X a(x)A(x)] 


where , 


Thus 


A(x) - Z <P {x)r<P (x) 

n 5 ri 

n 


=exp^-2i/d‘*x c«(x)A(x)^ ^ fV 


(2.25) 


(2.26) 


(2.27) 


The WT identities are collectively represented by the 
variational derivative 

From Eqs. (2. 17) , (2. 27) and (2.28), one obtains the WT identity 
(in Euclidean space), 

_ I 

<2tm- vr_V'>, «■ r + l<.2A(x)>, y y (2.29) 


<d ^ 

|U 5 J.?,? 


6 5 jXX 




where 


<K(x)>j ^ ^ = j5>A^^?c 2>c A(x)exp '^S^^.^+source termsj- ; 

(2.30)| 

I 

Now A(x) is an ill-defined quantity and to evaluate it; 

I 

Fujikawa introduced a cutoff M: I 

I 

AwCx) = E <^'^(x)y (x)exp(-xVl^ ) (2.31) ' 

n 3 n ri 

^ [ 

As <t> (x)’s are functionals of A . so is A^(x). Fujikawj^ 

n ^ “ I 


evaluates it by going over to a 


or 


plane wave 


basis 
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equivalently as follows; 

A (x) = E '35>^(x)r exp(-xVM^ )<?!> (x) 

M n !5 n n 

n 

= E <?!>^(x)?'j^exp(-5J^/M* )^^(x) 

n 

= lim Z )<p (x) 

no' n 

y-^ X n 


= lim 

X 

= lim 

y*f X 

= lim 

y-^ X 


TrE /if )<P^ix)<P^{y) 

n 

Tr|^?"^exp(-55^/M^ )6'* (x-y)l^ 

Tr/r^expC /M^ )— ^ exp[tk. (x-y)] 

'' < 2n ) 


(2.32) 


where we have used Eq.(2.20). After some simplification one can 


express Aj^(x) as 


A^<x) = ^ j 

Changing the variable k’=k /M and dropping the primes one 

r* 

obtains 

A^(x) = H* Trr J - -~~ exp ( -k^k^ ) exp [-^ 


(2.33) 


Fujikawa evaluates A(x) by taking the limit 
A(x) =l^m Aj^(x) 

M ><X! 


(2.34) 


and the result is 


MX) = —2— Tr(F„.F^'') 


16n' 




. :^u 1 1234 . 

where F^ s j ^ F^ (.£ =1). 


(2.35) 


He further shows that the limit in Eq.(2.34) is 
independent of the regularizing function f(X^/tf) in Eq.(2.31) 


provided 
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f(0) = l and f (cD) = f ' (cD)=-.- =0 (2.36) 
Combining Eq. (2.35) with the WT identity of Eq.(2.29) one 
obtains the well known anomaly equation 

4- <Tr(F„.i^^)> (2.37) 

(modulo equations of motion terms) 

We shall now give reasons why the above procedure leads to 
one loop result only. We shall assume that we are working in 
the context of a regularization scheme consistent with 
Fujikawa's procedure i.e. a scheme in which the Green's 
functions as well as the currents are directly regularized in 
terms of eigenvalues of the operator Using such a 
regularization scheme, the result for the anomaly term in the 
regularized anomaly equation is a term of the form <A^{x)>, « sr 
, where 

<A^(x)>^ ^ ^ =J5>A^.Z>V' •2^0 f>c/^ [A(x) ]exp source terms^ 

(2. 38) 

where the action and hence the Green’s functions are 
regularized in terms of an effective cutoff M. [One could use a 
different cutoff M’ for the gauge field, but it does not change 
our result as long as 

As argued in Sec. [2.1], if such a regularization is 
performed, then the higher order terms in the series of 
Eq.(2,9) may also have divergences like ( InM^ )'’ . A typical 
term in this series is of the form <0(2n)>j ^ and if 
<0(2n)> has divergences which go worse than **, then this 
term does not vanish in the limit >• oo. Thus, as stated 
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earlier, the interchange of limit *■ oo and the functional 

integral is valid only in one loop order . As has been remarked 
by Shi2uya[20], the Adler Bardeen theorem will follow only if 

the path integral measure over and the too limit are 

interchangable , i . e . if 

^JCdA^ 3 , limit >cd j (anomalous Jacobian) =0 (2.39) 

Such an interchange is not valid beyond one loop order. 
However, we can obtain a general form for the operators 0(2n) 
to get information about their divergence structure. These turn 
out to be local , gauge invariant operators . Then applying the 
results stated in Sec. [2.2] for the renormalization of gauge 
invariant operators, we can obtain a form for the anomaly 
equation valid to all orders. This is the object of the 
following sections . After obtaining this form, we shall present 
an argument for the Adler Bardeen theorem. 


[2. 4] GENERAL .FORM OF 0(2n) 

As has already been shown, the regularized expression for 
the anomaly can be expanded as a power series in 1/M^: 

A^(x) = 

= -Il_-Tr(F i^^) + -2L6> ^ ^ +. 21^) -K 

(2.9) 


We will now show that 0(2n) can be expressed as 
0(2n) = (2n-2) + a^o‘*' ( 2n-l ) 

where 


IJV 


O 


< z> 


( 2n-l ) = ( [ [ . P] . P] . 


(2.40) 


3 3r_<^„(x) 

TW 
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will show that 0 ^* ^ ( 2 n- 2 )and o'^^( 2 n-l) 

(JU IJ 


(2.41) 

The number of commutators in the above expression is 2n-5.We 

are local , gauge 
invariant operators of gauge fields having dimension 2 n -2 and 
2 n-l respectively. 

Here, we will present the proof for the case n=3. The 
proof for the case n>3, which is along similar lines, is 


presented in Appendix B. From Eq.(2.9) we see that 

..n- 2 


0 ( 2 n) = 


< n- 2 ) ! 


^(^-2)n-2 jn 


A„(X) 




-»0D 


In particular, 


0(6) = 


a 

aM 


A (x) 

,-Z M ' 




-+0O 


and from Eq.(2.9), 


a(if^) " 


A (x) = 'E(~A*) fl!>^(x)exp(-X*/M^)r_<^ (x) 


(2.42) 


(2.43) 


(2.44) 


We simplify the expression of Eq.(2.44) by using the following 
identity(for proof see Appendix A) twice, viz. 

tIt- {«!(x)[X.Jil] r,<A„(x)+ 

m ^ 

(2.45) 


provided \ ^0. 

W 

We obtain, for X 

m 

= -TV 

m 

Tn 

(2.46) 


Thus 1 usinfi the results of £< 3 .* (2.46) into £< 3 . (2.44), wc obts-in 
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”“ 2 ^ 1 ^^^" “7 <^'^(x)r exp(-X^/M^) <P (x) 

dM'^ M 4 ^ m = 

m 

■ 7 <?^^(x)Cr ,0]^'^exp(-xVM^)^ (X) 

Ljf 3 m m 

\ ?^o ^ 

m 

(2.47) 

The restriction X ^'O on the summations in Eq.(2.47) can be 

rn 

removed because the additional teirms are identically zero: 

-»^T. r^4>^{x)=Q (2.48) 

X =o X =o ^ 

m m 

as seen by using 0^ (x) = 0 := 0 (x) (^+A) (f or X =0) in the 

m m m 

second term of left hand side of Eq. (2.48). Replacing 
exp( -X* )<^ (x) by exp( /M^ )<?!’ (x) we obtain, 

mm m 

0(6) = d^d^0^^'(4) + 0^^’(4)3 + 

(WU fj ^ ' (Ji' ^ ^ J (J ^ ' 

(2.49) 


where 


( 4 ) = 

lim 

1 

4A 

E 

(2.50) 


Cl -—>00 

m 


fU 


.m 


(2.51) 


n 

— »oo 

m 


( 4 ) and 

0<2) 

(5) 

can be calculated as 

was done by 

Fuoikawa[8] 

and 

are 

clearly local operators of 

gauge fields as 


seen by direct calculation [see Appendix B;Eq. (B, 14)3 . They are 
also gauge invariant operators because as shown in Appendix B 
any operator of the form 

lim E <^^f (Ji)exp(-)f/tf )<^^ 

where f(ipf) is a matrix operator function of is gauge 

invariant. o‘'^’(4) and 0^^\5) have dimension 4 and 5 
respectively. The result for 0*^^ ( 4 ) and 0^^^(5) is as 


follows ; 
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64m 
1 


96n 

1 




96m 


[-la^(FF)+0^^^5)3 


(2.52) 


Eq.(2.40) can be proved in a similar manner as we have shown in 
Appendix B. The form of operator (rs-2) is not needed as it 
will be shown later that it does not contribute to the anomaly 
equation . 


[2. 51 general form OF HIGHER ORDER CORRECTIONS 

We shall now derive the general form of higher order 
contributions coming from the Jacobian using the general form 
of 0(2n) established in Sec. [2. 3]. To achieve this end, we shall 
make use of the corollaries 1 and 2 stated in Sec. [2.2] about 
the renormalization of gauge invariant operators. 

We shall assume that the Green’s functions of operators 
have been suitably regularized using cutoff M on the large 
eigenvalues of of the operator 0. (Our results are of general 
nature of the form of higher order contributions and hence 
probably independent of the details of regularization) . The 
Green’s functions will contain divergences of the kind 
M**’ ( Inbf , where p is restricted from above by power counting. 
Consider now Green’s functions of 0(2n) whose foirm is given in 
Eqs.(2.40) and (2.41). In Eq.(2.29), 0(2n) appears in the form 

<0(2n)>/M^'^"'* . Hence in the limit hf *oo. only that part of 

<0(2n)> which diverges as or worse could possibly 
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contribute to <A^{x)>. It is clear that the contribution 
tu ——>00 

to <A^(x)> from higher order terms comes entirely from 
divergences in Green's functions <0(2n)> and these too of 
sufficiently high order. 

Now, 0(2n) is a linear combination of terms that involve 
two local, gauge invariant operators ‘ Consider 
first the divergence structure of 0^^’(2n-2). We need to worry 
only about the divergences in <0^ ^■’(2n-2)> that go like * 
or worse. By counting dimensions such divergences are 
necessarily of the form , 

* ( InM^ )'^x local operator of dimension two. 

But 0**^(2n-2) is a gauge invariant operator as shown in 
Appendix B. Therefore, from corollary 1 of Sec. [2.2], there is 
no gauge ' invariant operator of dimension two it can mix with. 
Hence, such terms must be absent: 


lim ’ ( 2n- 2 ) > = 0 




>co 


(JU 


( 2 . 53 ) 


By a similar logic, the divergences in <0^^’(2n-l)> one needs 
to worry about are of the form, 

local pseudovector operator of dimension three. 
By corollary 2 of Sec. [2.2], the only such operator is 
H ence , as — *<x > , 


(2n-l)> ^ 




f (g^.lnM^) y/y y y/ ^ 0(1/M*) (2.54) 

2 n 5 


where f (g*,lnlf) is a power series in g^ and InM^ . Combining 

n 

Eqs.(2.53) and (2.54) with Eq. ( 2 . 9 ) , we obtain' 

1 -IT. , XT. r r-i ^ ^ \ ^ i 1 

lim <A_(x)> = 






M 


16n 


<Tr(F^j^F^"')> + I f (g^'.imf 
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(2.55) 


where 


f(g^,lnhf)= E f (g^,lnM^) 

n 

n = 3 

Substituting the above in Eq. (2.29), we obtain the following 
form for the anomaly equation (in Minkowski space) valid to all 
orders : 


<9 J^> 

^ 5 




1 +f (g^ , InM* ) 


OfTi' w>- 


Qn 


-<Tr(F „.F^^)> 


1 ^f(g^lnrf') 


(2.56) 


[2. 6 3 ADLER BARDEEN THEOREM 

It is clear from Eq.(2.56) that proving Adler Bardeen 
theorem amounts to showing that, 
f ( g* , InM^ ) =0 

A direct calculation shows that f (g*,lnM*) is a power series in ; 

T1 ‘ 

g* beginning as g* , Further, all the operators 0(2n), n ^ 3 will 
generally contribute to a given order (g^)"* in f(g^,lnM^). This 
makes the evaluation of f(g^,lnlf) technically difficult. ; 

f 

However, one can give the following indirect arguement for the I 

I 

Adler Bardeen theorem. I 

i 

As shown by Fujikawa[8], the usual Pauli Villars treatment i 
is an ideal perturbative realization of the path integral | 
formulation. In this formulation the anomaly comes not from the | 
Jacobian (these cancel between the regulator field and the | 
fermion field measures), but from the regulator field mass ' 
term. In the standard perturbative treatment it is well known , 
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that the coefficient of the naive divergence term 2£.m ^ is 

O 25 

not modified to all orders. This follows very simply from an 
elementary diagrammatic considerations. If we borrow just this 
much from the perturbative approach, then Eq.{2.56) implies 
that 

f(g^,lnM^) = 0 

This in turn proves the Adler Bardeen theorem to all orders: 

a = 2tm <Tr{F ) > (2.57) 

REFERENCES 

1. S.L. Adler, Phvs . Rev . 1 77 . 2426(1969). 

2. J.S.Bell and R.Jackiw, Nuovo Cim.M. 47(1969). 

3. S.L. Adler and W. A. Bardeen, Phvs. Rev. 182 . 1517(1969). 

4. G.’t Hooft and M.Veltman, Nucl . Phvs . B44 ■ 189(1972). 

5. R.Jackiw in Lectures on Current Algebra and Its Applications 
1972 (Princeton University Press). 

6. S.L. Adler in Lectures on elementary Particles and Quant\ju» 
Field Theory(MIT Press). 

7. K. Fujikawa, Phys.Rev.Lett.l2, 1195(1979). 

8. K.Fujikawa, Phys . Rev . £21 , 2849(1980). 

9. K.Fujikawa, Phys.Rev. Lett.4.^, 1733(1980). 

10. K.Fujikawa, Phys . Rev.£2£. 2262(1981). 

11. K.Fujikawa, Phys.Rev.£2£, 2589(1982). 

12. K.Fujikawa, Phys . Lett .£i2£, 33(1982). 

13. K.Fujikawa, Phys.Rev.£21, 341(1982). 

14. A.P.Balachandran etal. , Phys . Rev.£2£, 2713(1982). 

15. A. Andrianov, L.Bonora and R. Gamboa-Saravi , Phy3.Rev.£2£, 



2-22 


2821(1982) . 

16 -D. Vers-tegen , Phys ■Rev. D29 . 2405(1984). 

17. M. Reuter, Phys . Rev . D3 1 . 1374(1985). 

18 . 5 . D . Joglekar and Anuradha Misra, Phvs .Rev. D36 . 642(1987). 

19 . 5 . D. Joglekar and Anuradha Misra, Pramana-Jour . Phys . 29 . 
327(1987) . 

20. K.Shizuya, Phys. Rev, 2550(1987). 

21. J,B^orken and S.DrelL, Relativistic Quantxam Fields 1965 
(McGraw Hill;New York). 

22 . 5 . D. Joglekar and B.W.Lee, Ann . Phvs . 97 . 106(1975). 

23. J. Dixon and J.C. Taylor, Oxford Preprint 74-74(1974). 

24 . H . Klueberg-Stern and J.B.Zuber, Phvs . Rev. D12 ■ 3159(1975). 



3-1 


CHAPTER 3 


RENORMALIZATION OF ENERGY MOMENTUM TENSOR 
AND FINITE IMPROVEMENT PROGRAM 

C3.1] INTRODUCTION 

Given a lav of physics in flat space-time, the principle 
of general covariance dictates hov to extend this lav to curved 
space-time. In general, given the action S[^] in flat space, 
the vay to include the effect of gravitation, is to make this 
action generally covariant. The minimal vay to obtain S[^,g], 
the action in presence of gravitation, is to replace by g 

and ordinary derivatives by covariant derivatives in St^] e.g. 
the flat space action of -theory 

X 

SC^3 = i'd'^xC j 

is vritten in minimal generally covariant foMi as 

X 

S[<^,g3 = J‘<rxv"fe(x)C “ 77^*3 

The resulting theory is called minimal Einstein theory. 
[Hovever, general Einstein theories, involving a direct 
coupling of the curvature tensor vith the matter field 
variables are not excluded by experimental evidence3 . 

The energy momenttim tensor, vhich is the source of 
gravitation is obtained from SCt^,g3 via 
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This is needed' -bo describe scatbering in a weak external 
gravi-tabional field. Its matrix elements describe a process in 
which gravitational waves are emitted and hence these matrix 
elements are observables. It is therefore desirable that b® 
finite. For this reason, the renormalization of energy momentum 
tensor has great importance in any quantum field theory eind it 
has been studied extensively [1-8] . 

In general, the energy momentum tensor obtained from the 
minimal action is not finite even in one loop order but there 
is always the possibility of obtaining a finite 6 to all 
orders from a non minimal generally covariant action. For 


example, the conformally invariant action 

SC<^,g] = -4t 

IDLD 1 Z 

leads to an improved energy momentum tensor 


i(d d -g 

a ij V pjv 


which has finite matrix elements to one loop order [2]. One may 


expect to obtain a more general coefficient of the improvement 
term which will give a finite to all orders. However, ! 

how one renormalizes the energy momentum tensor is also an 
important question. It is generally hoped that the parameters 

I 

of the flat space theory be sufficient to fix the theory in 
curved space [4]. If the energy momentum tensor is renormalized j 
by introducing new infinite counterterms apart from those of | 
the flat space theory, then one has to put additional j 
renormalization conditions to determine these coxxnterterms and 
in the process one has to introduce new parameters which have 
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to be specified by the experiment. Therefore one would like to 
renormalize 6^^ without requiring any additional infinite 
counterterms . 

Another reason why one studies the renormalization of 
energy momentum tensor is that it appears in the operator 
product expansion (O.P.E) of two currents C9]. This O.P.E. is 
related to physical scattering matrix elements and therefore 
the finiteness (or the lack of finiteness ) of the energy 
momentum tensor and its anamolous dimension have observable 
consequences . 

Renormalization of energy momentxam tensor in quantum 
field theories has been a subject of keen interest. Freedman, 
Muzinich and Weinberg [3] have studied the energy mom6ntum 
tensor in gauge theories in the context of theory without 
scalars and they have shown that its matrix elements are finite 
and gauge independent. In theories with scalar fields it is 
well known that the energy momentum tensor obtained from 

^ <SS I 

“ y=i 

does not lead to a finite energy momentum ten3or[23. In the 


context of - theory it was shown first by Callan, Coleman and 


Jackiw [2] that one can improve the conventional energy momentum 
tensor by adding to it certain terras in such a manner that the 
improved energy momentum tensor is finite to one loop order 
[Such an improvement term is, of course, admissible provided it 
does not alter the energy and momentum of the system} • Since 
then, the idea of improving the energy momentum tensor of scalar 



3-4 


theories so as to render its matrix elements finite, has been 
pursued by various authors [1-8]. 

An important question involved in the construction of such 
an improved, finite energy momentum tensor is whether in 
renormalizing it an extra renormalization condition is needed 
or not [4]. There may be choices of improvement coefficients 
that may not allow extra renormalization condition. Such a 
choice is the most desirable one. As will be shown in later 
chapters , there is a definite choice of the form of operator 
only which can be added as an improvement term (for example, in 
case of a real scalar field the only improvement term that can 
be added is proportional to e ^ • The crucial point 
that has to be settled is the choice of a specific form for the 
proportionality factor for this term. In the framework of 
dimensional regularization, this coefficient can be chosen 
either as a function of c (=4-n, where n is the space - time 
dimension), bare coupling constants and bare masses iir as a 
function of £, renormalized coupling constants and renormalized 
masses. In either of these situations should be a finite 
function of its arguments. The reason why one requires to be 
a finite function of its arguments is as follows: 

If one requires the improved energy momentum tensor to be 
directly obtainable from an action, then one needs to modify 
the action also by adding to it an extra terra j • Now if 
the improvement coefficient is not a finite function of its 
arguments, then an independent renormalization of is needed 
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and therefore an additional piece of experimental information 
is needed to fix the theory, this information being the "root 
mean square mass radius" of the scalar particle [4], Thus, to 
renormalize the energy momentum tensor without requiring any 
new parameter one needs a finite improvement program. 

But the finite improvement program can still be 
interpreted in two different ways. One in which the improvement 
coefficient is a finite function of bare parameters and the 
other in which it is a finite function of the renormalized 
parameters of the theory. In past, various authors have tried to 
obtain finite energy momentum tensors in -theory choosing 
the improvement coefficient as a finite function of 
renormalized parameters[6-8] . We emphasize on the desirability 
of the former choice which is more gerneral also [10] . We shall 
stress on this point in Section (3.3). In the following 
chapters, we shall consider Xcp*- theory as well as theories 
involving scalar fields and two coupling constants i.e. scalar 
electrodynamics, non-abelian gauge theories with scalars, 
Yukawa theory and a theory with two interacting scalar fields. 
In the context of X(^*-theory , we shall prove that it is possible 
to obtain a unique finite energy momentum tensor which is a 
finite function of bare quantities , This is the same as the 
energy momentum tensor obtained by Collins [6] . In other four 
theories we shall prove that it is not possible to improve the 
energy momentum tensor in either of the two ways stated 
above [10-14] . 
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In Section (3.2), we shall review the work of previous 
authors in order to prepare the necessary background for our 
work. In Section (3.3), we shall discuss the various 
interpretations of finite improvement program and shall make the 
difference between them clear. We shall then, emphasize on the 
desirability of having a finite improvement program in which the 
improvement coefficient is a finite function of bare 
quantities . 


[3.2] REVIEW OF PREVIOUS WORK 


Callan, Coleman and Jackiw [2] were the first to study the 
finiteness of energy momentum tensor in -theory. The minimal 


Einstein tensor defined by 
^ 2 «5S 




v=i dg^^(x) 


g^"(x)=r7^" 


(3.1) 


reduces for scalar theory with a 4> -interaction to 


O ^ <p^ (3.2) 

where 

£ - ~ ~ (3.3) 

But this e is not finite even to one loop order . However, 

one can add to an additional term so as to make it finite 

provided the new term does not affect the conserved quantities 
/e° (x) d^x . The only term satisfying these conditions is 

fJO 

proportional to 

(d d -g ')4>^ (3.4) 

Callan, Coleman and Jackiw modified the energy momentum tensor 
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S' = e + }i 3 -a )<p^ 
(JIJ jj-u (J 


of Eq.(3.2) by adding such an improvement term (called the CCJ 
improvement term ) to obtain 

(3.5) 

This improved energy momentum tensor can be derived from a 
modified action 

S = Xd*x ■/-g(x) <p^) (3.6) 

The non-minimal term - ^ vanishes in the flat space - time 

limit but its functional derivative with respect to does 

not and it actually gives the improvement term in 
proved that this energy momentum tensor is finite to 0(X ) if 


one chooses H 


— . Freedman, Musinich and Weinberg [3] 

o 


studied the finiteness of energy momentum tensor with CCJ 
improvement term beyond one loop order. They showed that even 
the CCJ improved energy momentum tensor is not finite beyond 
one loop order. They used the Ward and Trace identities to 
establish the following results in the context of theory 

and the non abelian gauge theories (with or without scalars). 

[A] The energy momentum tensor has finite matrix elements at 
zero external momentxim q and to first order in q as a 
consequence of Ward identity. 

[B] It is suffucient to establish the finiteness of trace of 
e in order to establish the finiteness of . 

We shall make use of these two results in the following 
chapters . Their proof for X(^'* -theory and NAGTs with scalars 
has already been given by Freedman, Muzinich and Weinbe'rg[3] . 
Still, for the sake of completeness, we prove below these two 
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s’ba’fcemen'bs sketchily in the context of 'K<p -theory. 

The Ward and Trace identities of X^^^-theory are 

-Pj) = -<-E(q+pJyG(p^ "P^_^,p^+q, -Pj) (3.7) 


--Pj) = r‘'^(q;p,, -p^)- ^EG(p^ -P^+q,-- p^) (3.8) 


respectively, where 


g‘-'’(p^,- p^) = F.T.|r‘-'“^’. 


<5j"(x^), 6 J*(x^) 


lnW*CJ3 


r* ■'^q;? p ) = 


F.T.(i."^ ^ 

^ 6J(X, ).- 


6J(Xj ) W[J] 


— ^J‘d<^' © (y)exp(t.Xd*xCJ?+J<^>] 


r (q;p^ P j ) = 


.{r> Si 

^ 6J(x ),- 


<5J(x. )WCJ3 


1 ^ 

— Jd<^ e (y)exp(<./d XCJ?+J<^3) 


(3.9) 


Dif f eren'biai^in.g Eq.(3.7) q and noting that the G *s are 


finite (because the theory is finite) one obtains 


(q;p 

jji} ' 'i » 


, p ) = finite 


(3.10) 


d j’ r ^ - .r, 

■■ "— — r ( q ; p 

, a fjv ' ^ ’ -^1 , 

dq 


,p ) _ = finite 

’ '' q = o 


(3.11) 


Eq.(3.10) and Eq.(3.11) are nothing but the mathematical forms 
of statement [A]. To prove statement [B] we proceed as follows; 
Since © is a dimension 4 operator only r‘-^(q;p 

fJU ^ 

-.P) with j=l,2,3,4 have possibly divergent Taylor series 
coefficients. and occur only if the discrete symmetry 
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!#>(x) — ♦ - (^>(x) of the (p* Lagrangian is spontaneously broken. 
The Taylor series may be written as follows with finite terms 
of order higher than 4-j being ignored, 


, < 


(qip.,- .P.) = - .. 

r'°’(q;p.,p,,p,) = .. .. 


,i 3> 
fJZ> 

. i 2> 


=ta 3 +a^<a +ag(p+p' ) 3g +a^(p+p’) (p+p’)^ 


+ a^[q^(p+p' )^+(p+p' )^q^3+ajq^q^-g^^q*3 


■'fjv 


^ t^v ^9..-<l) a^ ^ (3.12) 
Eqs . (3.10) and (3,11) then imply that a , a , a , a , a^, 

and a^ are finite. Then applying the W.T. identity {3.7} one 
can immediately see that a^ and a^^ are also finite. Now to 
0(X), the trace identity (3.8) holds which implies that and 
a^^ are also finite. This completes the proof of finiteness of 
0^^ to 0(X ) . If one goes beyond one loop order there may be 
divergences in r‘^’(q ;p^, - -.p^) of the form (q^q^^-g^j^q* ) . If 
one knows that ( q ;p^, •— p^ ) were finite to all orders, 
then the same result would be obtained for similar 
method as applied above. Hence it is sufficient to prove the 
finiteness of to prove the finiteness of • 

Making use of the results [A3 and [B3 Freedman and 
Weinberg [43 considered the problem of finiteness of B^^ in the 
context of dimensional regularization and showed that by 


modifying & to 

iM ^ 


^iz" = -V* * V V * 

where H (X) is an appropriately chosen finite function of the 
o 

renormalized coupling constant, a finite energy momentum tensor 


t' 
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upto O(X^) can be obtained. This was called by them the finite 
improvement program. But even this finite improvement prograua 
failed beyond three-loops, i.e. for no finite choice of (X ) 
one could obtain a finite 6’’"’^. 

Collins [6] treated the problem from many angles and 
suggested , if possible, as a function, finite at n=4, of «(= 
4-n) and renormalized coupling and mass, so that H^(X,£f) 
reduces to in the limit n=4 and X=0. He then succeeded in 

o 

proving that such an energy momentum tensor does exist, is 
unique and is a finite function of c only. The improvement 
coefficient ) was a power series in c and the coefficients 
of could be chosen appropriately so as t'o render the matrix 
elements of © finite to all orders in perturbation theory. 


[3. 3] FINITE IMPROVEMENT PROGRAM 

In X<^*-theory as well as in all theories involving scalar 
fields and having two coupling constants the energy momentvan 
tensor obtained from Eq. (3. 1) ,where S[<^,g] is the minimal 
generally covariant action (i.e. one obtained by making the 
flat space action generally covariant, without adding any new 
term) is found to have divergent matrix elements. In X^*- 
theory, the CCJ improved energy momentum tensor is finite only 
to one loop order. Even the energy momentvua tensor 


n-2 


..2 . .2 


0® = © - . ■ ? ( Q 9 “g >0“ (3.13) 

4(n-iT'‘ U V 

which is derived from a conformally invariant actionC7,83 


n-2 


2 . .2 


s = s - © -g d )<^ 

° 8(n-L) M 


(3.14) 
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does not have finite matrix elements beyond three loops . However 
one may still add to this any quantity whose divergence is 
identically zero and which does not contribute to 
Ward identities. In fact, a non zero improvement term is 
necessarily needed to make the Green’s functions of O finite. 

(JV 

The only such term we need to consider is proportional to 
2 2 

)4> . Thus there is a possibility of renormalizing 

fJl 

by using the finite improvement program. But the finite 
improvement program can be interpreted in different ways. The 
simplest (although unsuccessful) interpretation by Freedman and 
Weinberg considered the improvement coefficient to be a 
function of renormalized coupling constant only 

^ + H (X) (d d - g (3.15) 

fJV tJV o' ' U “/JV ' 

where (X ) is a power series in X. But this finite improvement 
program failed beyond 0(X ) as it was not possible to make this 
energy momentum tensor finite without introducing infinite 
counterterms beyond those required to renormalize Green’s 
functions of the flat space theory. These counterterms are 
introduced by modifying the improvement term in the Lagrimgian 


asC4] 


12 




♦-i-Z (l+g)i^^ 


12 g 


Z is to be determined order by order 
g 


renormalization condition 


C -] 


■q)] 


dq 

is satisfied. 




= -g 


(3.16) 

so that the 

(3.17) 


There is no particular reason to choose a preferred Value 
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of g and it has to be determined experimentally. 

Collins chose a more general improvement coefficient i.e., 
one which is a finite function of X , and ^[6], 

C3,13) 

He then showed that there is a unique (X , rt? /fJ^ , s ) which gives 
finite matrix elements for to all orders in perturbation 

theory and that this improvement coefficient is a finite 
function of e only. 

The point we wish to make here is that there is a more 
desirable choice of than the one chosen by Collins and other 
authors [6-8] . The CCJ improved energy momentum tensor of 
Eq.(3.13) is derivable from the action in Eq. (3.14). Now if we 
want the energy momentum tensor to be derivable from an action 
that is a finite function of bare quantities, then the 
improvement coefficient should be a finite function of only 
the bare parameters of the theory. Therefore, a more 
appropriate improved energy momentum tensor would be of the 
form 

= V * o.is) 

This energy momentum tensor is derivable from an action, which 
is a finite function of bare quantities; 

S” = S - -H (X (3.20) 

and no new renormaliza'bion conditions are needed at all. On tiie 
other hand, energy inonientum. tensor in E<i. (3. 18) is not 
derivable from such a bare action. The improvement term, in 
this case, can also be derived from an additional term m 
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action, the full action being 

S’ = S + (3.21) 

where is now a finite function of renormalized quantities. 
It can also be written as 

,£) + (3.22) 

o 

where x is a finite function of bare parameters also and Z 

O 

are infinite counterterms needed to make x a finite function 

o 

of renormalized parameters. Thus, there is a need to add 
additional infinite counterterms to the theory but these 
counterterms are simply determined by requiring the right hand 
side of Eq.(3.22) to be finite. Thus, we have a theoretical 
reason (i.e. requirement of finiteness of ) to fix a 
particular value of g. 

To summarize, there are two distinct ways of improving the 
energy momentum tensor without needing any new inf ormation from 
the experiment: 

(a) One , in which the improvement coefficient is a finite 

function of bare quantities. In this case, the improved 
energy momentum tensor is derivable from a bare action, 
as it should be and the coefficient of the non - minimal 
term in the action is not renormalized. This one 

may lead to finite matrix elements (to first order in 
h^j^) for the process A — > B in which gravitational 
radiation is emitted and no new parameters are needed. 

(b) One, in which the improvement coefficient is a finite 
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function of renormalized parameters. In this case, the 

improved energy momentum tensor is not derivable from a 

finite bare action. But the coefficient te of the te term 

o o 

need not be independently renormalized. 

Both of these forms can lead to a finite energy momentum 
tensor but the choice (a) is more desirable than the choice (b) 
because this form is derivable from a finite bare action. 

However, at least in case of - theory, both of these 

finite improvement programs lead to one and the same energy 
momentum tensor (which is unique and is a function of e 

only). As shown by Collins, if one chooses an improvement term 
of Eq. (3.18), then one can obtain a unique finite energy 
momentum tensor and the corresponding is a function of s 

only. In chapter 4, we shall consider the possibility of having 
an improvement term of the form in Eq.(3.19) and will prove 
that if an energy momentum tensor of the form in Eq.(3.19) 
exists and is finite, then it is unique and hence coincides 
with the energy momentum tensor obtained by Collins. 

In chapters 5-7, we shall investigate the possibility of 
obtaining finite energy momentum tensors, using finite 
improvement program, in theories involving scalar fields and 
having two coupling constants . We shall consider four such 
theories; 

(a) Scalar Quantum Electrodynamics 

(b) Non-abelian gauge theory with scalars 

( c ) Yukawa theory 



3-15 


(d) A theory with two interacting scalar fields. 

We shall consider finite improvement program of type (a) as 
well as type (b) and then establish, for each of these four 
cases, the impossibility of obtaining a finite energy momentum 
tensor without introducing additional infinite counterterms. 
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CHAPTER 4. 


A UNIQUENESS THEOREM REGARDING IN SCALAR THEORY 


[4. 1 3 INTRODUCTION 


In scalar ^ -theory with Lagrange density expressed in 
terms of bare quantities 

£ = ^ \ ml <P^- ^ (4.1) 

one has the canonical energy momentum tensor 

(4.2) 

Cal Ian, Coleman and Jackiw [1] showed that tlie above energy 
momentum tensor does not have finite matrix elements to one 


0^ - a 4 ?d 4 > 

fJX> u 




loop order. It can be shown that the most general modification 
of 0^ that does not affect the conserved quantities J’©*^(x)d*x 

(J'U IJO 


is 


(4.3) 

(tf ) , a unique finite 
energy momentum tensor , 
which is finite to all orders in perturbation theory. 

In scalar theory, there are an infinite number of energy 
momentum tensors [33 of the form 

that have finite matrix elements to all orders [Here m is an 
arbitrary mass scale introduced in dimensional regularization] . 
Energy momentum tensors can be obtained from actions via 


0 = 0^ + E (a a 

fJV fJU o' fJ V 


e 


Collins [23 showed that with H 


function of c only, one obtains an 
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either the canonical procedure or as - — = 

, where S is the action of the fields coupled to external 
background gravitational field g^^ . Total actions (including 
renormalization counterterms) are generally finite fuctions of 
bare quantities. Consequently, the energy momentum tensors 
derived from them via either of the two procedures are finite 
functions of bare quantities (for example, the energy momentum 
tensor in gauge theories is a finite function of bare 
quantities [4] ) . 

It is, therefore, natural to enquire whether there is an 
energy momentum tensor in scalar theories that is a finite 
function of bare quantities and which has finite matrix 
elements to all orders in perturbation theory and whether it is 


a unique energy momentum tensor. Such an energy momentum tensor 


0 = + H (X fj~^ .xa /^^ ,£) {9 9 - g 9^)<p^ 


(4.5) 


where H is a finite function of its arguments X u ^ and m*/M* 

O O O 

(at £=0),can then be derived from an action [5] 

SC</>,g] = fXcfy. + 2 H^(X^Aj~^,mJ/^i^,£)^R^*d"x (4.6) 

which, itself is a finite function of bare parameters of flat 


space theory only. 

Any other energy momentum tensor except the ones in £qs. 
(4.4), where H is a finite function of X and m, and (4.5) can 
be derived from an acision bhat is a finite function of bare 
<iuantitie3 only with the introduction of a new couplingf 
constant for the term and this coupling constant has to be 
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renormalized independently . 

The answer to the first question about the existence of 
such an energy momentum tensor is, of course, in affirmative. 
The energy momentum tensor constructed by Collins [2], 

( 4 . 7 ) 

is of the form in Eq (4.5) and is finite. In this chapter, we 

show that it is unique finite energy momentum tensor of 
the form in Eq. (4.5) also. 

The result obtained here differs from the uniqueness 
theorem of Collins in that Collins considered uniqueness of 
energy momentum tensor of the form of Eq.(4.4) with a finite 
quantity (i.e. a finite function of renormalized quantities). 
His is then not a finite function of bare quantities except 
in the special case when it is a function of c only. 

In Sec. (4. 2), we shall fix our notations. In Sec, (4. 3), we 
shall obtain the most general form of & and show that it is 
indeed of the form in Eq.(4.5). In Sec. (4. 4), we will show that 
the energy momentum tensor of Eq. (4.5) which is finite to all 
orders is a unique energy momentum tensor. In Sec. (4. 5), we 
will show that this energy momentum tensor is derivable from a 
bare Lagrangian using canonical methods also. Appendix D 
contains a mathematical result to be used in the proof of 
Uniqueness Theorem. 

[4. 2] PRELIMINARIES 

We shall work with the Lagrangian density of Eq.(4.1) and 
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shall use dimensional regularization throughout C6] We will use 

the minimal subtraction scheme [7] for renormalization of the 

theory as well as of composite operators [8] . 

The unrenormalized but dimensionally regularized Green’s 

functions, connected Green’s functions and proper vertices are 

generated respectively by W[J] , Z[J] and r C* 3 with 

WCJ] expt/d”x [ + J<^3 (4.8) 

where WCO] = 1. 

Z[J] = -tlnWCJ] 

* , V <5r 

*'=‘> = -STO) 

rC$3 = Z[J] - /d’"xJ(x)$(x) (4.9) 

The renormalization transformations are defined by 

4 . = 

m* = Z m"* 

O m 

X = C4.10) 

In the M.S. scheme Z, Z and Z. are independent of m and p 

m A. 

and are functions only of X and . The renormalization 

constants have the minimal subtraction form C7,93, 

r= 1 e 

where r = 4-n. 

The renormalizbd Green’s functions, connected Green’s 

functions and proper vertices are generated by w"[J*3. z"c.7"3 

and r*[«"3 respectively with 

W*[J*3 = WCJ3 arid j" = 
m*^* is a finite operator, since 


(4.12) 
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, 2 ^2 , UR 2 dW 2 dV?* 

o 


dm 

o 

2 dW 


m 


dm 


^ 2.2^R 

= <m <^ > 


which implies that 

H" 

Consequently , 

{aV}* = z„{aVf ’ 


(4.13) 


(4.14) 


(4.15) 


We 


have the usual definitions of renormalization groupC?] 


d\ 

t 

1 d 


U ——1. S + (5 X + 0(X ) 




InZ 


x^ I»U 
O O 


= ^(x,/;) = y(X) 

= ()-.<=) = •••• 


— . „ .. = /■_ V'' ^ " 'm'"' • nKlV 

2 ‘ d^ "• 


(4.16) 


Above definition of /5(X,£), alongwith Eq.(4.10) implies 


that 






(4.17) 


[4. 3] THE MOST GENERAL 

In this section, we shall obtain the most general form of 
classically conserved energy momentum tensor for the \* 
theory.whlch is derivable from an action by cannonical 
procedure. We will show that it is Indeed of the form in 

Eq. (4 . 5) . 

The most general energy momentum tensor is required to 
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have followong properties ; 

(1) vanishes if classical equations of motion are used. 

This implies that which is a Lorents vector of dimension 

(n+l) and is local will have the form 

^ V = * H-] 

(2) d^x gives the four momentum of the system correctly. 

We will also assume it to be satisfying the following two 

conditions : 

(i) It has terms with dimension n or less. 

(ii) It is formally a finite function of bare quantities. 

The reason for condition (ii) has already been discussed. 
Condition (i) has been imposed for simplicity ’ ,s sake. 

The most general & of dimension n is 

cxd^<p9_^<p + ft(pd^d_jip + <P + <5m^<^^ + ri<p9^<p + ? 

(4.19) 

where a, ft, r, h and K are constants. 

Then, 

d^e ^ = -(a-ft) d^(p 

+ (ri+ft) {<p9^<p) + ? 7^* -(-^)>\,^ “ ( . )>^ ] 

(4.20) 

Requiring 9^9 to have the form given in Eq (4.18), one 
obtains the following set of equations 

^ i 0 

6 _ = T) ^ ft = - 4 -(^ - + ft) 

Substituting for r, ^ ? in Eq (4.19) one obtains, 


(4.21) 
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B 


AC^ (p d <p 


g 

hK ^ 


BC^ d > 


g d^}<p^+ 

^J^>_ 


Cg, 


as 


yv 




(4.22) 


where A, B and C are constants given by 
A = 0.-0 
B = — igi» 

C = -{r)^0) (4.23) 


The first, berm in Eq.(4.22) is bhe canonical energy momenbum 
bensor and bhe second berm has bhe form of improvemenb berm 


introduced by Cal Ian, Coleman and Jackiw. 

To determine the unknown coefficients, one may use the fact 
that should give the four momentum of the system 

correctly. [It is not possilble to determine B in this manner as 
B(d^d^ - g^^^^ )d>^ does not contibute to for any v] . 

Thus, 

P = / 0 d^x = AP + Cg /-4i <^d®x 

V ov V d<p 

For V - L , the second term does not contribute and hence, 

A = 1 


This combined with the fact that the Green’s functions of 
/g^^ — d>d^ X are non-zero for v=0 and 0^=0 implies that 
C = 0 

Hence, the energy momentum tensor satisfying the properties (1) 
and (2) and conditions (i) and (ii) is 

e 


= 0° + B (0 0 - 

fJlf fJU (J V (jv 


where B is a finite function of bare quantities. Now B is 
dimensionless and by assumption can be a function of ^ 0 ^ » 
m^/p^ and £ only. Thus, we obtain the form of Eq.(4.5) where 
H(\^/j''*^,m^/p*,£) = B is a finite function of its arguments. 
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[4 4] PROOF OF UNIQUENESS 

We shall nov? show that the energy momentum tensor of 
Eq.(4-5). if ii finite matrix elements to all orders in 

perturbation theory, is unique. Eq. (4.5) can be rewritten as 


e 


IJV 


F>(X 

® 


fJV 


{3 d - s )<P^ 

'■ (J -U 


( 4 . 24 ) 


where F’ = (l-n)H(XQM is also a 

finite function of its arguments [We have reparametrized 

of Eq(4.5) for future convenience]. 

We have already shown in Sec. (3. 2) that 6^^ is finite if 

and only if is a finite operator. Therefore, it is 

sufficient to consider the finiteness of is given by 

( 4 . 25 ) 


e = 

/J 


e 


As shown by Collins [2], there is at least one energy 

4. 5 of Eq (4.7) which has finite matrix 

momentum tensor e oi r.q.v-*-'; 


elements to all orders. It is convenient to take the difference 
> ' ^ 


<e - <5.^> = [F’-(l-n)H^(^^)]<^V> 


= F(X^m"‘® ,m*/p^ 

^ F(X°p-^m^/M^OZ-:{aV}* 


( 4 . 26 ) 

Proving the uniqueness amounts to showing that if the 
right hand aide of Eq.(4.26) ia finite, then it muat vaniah. Aa 
{»«*=>■ ia a finite operator, thia aa,ountaJo ahoving that if 

( 4 . 27 ) 


.ml// .‘)C = 


m* Z . 

2 Tn 


F(X^ju ,m^/M 


then, 


( 4 . 28 ) 
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The proof of the above is made much more complicated as 
compared to the proof of the uniqueness theorem of Collins [2] 

by the presence of and Z^ in the arguments of F in 

Eq. (4.27). 

2 

We expand F in Taylors series in — Z ^ : 


F’ ^ ,e) = E / (\Z. ,£)(m^Z /Aj'')'' ( 4 . 29 ) 

q = 0 'i ^ 

Eq.(4.27) then becomes 

oo 2 

E /^(Z^X ..-)(-iL-)^ = finite (4.30) 

<?=o ^ 

This requires that for each q, 

= finite, q=0,l,2, (4.31) 


Thus the uniqueness will be proved if we prove the following 
theorem; 

Theorem ; The only solution to 

f (XZv ,£)Z*'“‘ = finite (4.32) 

A m 

where f is a power series in non-negative powers of and , 

is that 


^We can assume without loss^ generality that F’ of 

Eq.(4.26) is a polynomial in m /jj . This is so because we 
want e^to be finite. Thus the divergence co|ii^g from 
must be cancelled by that coming from F'd . But in 

minimal subtraction scheme of dimensional ^ r^egularization, 
the divergences coming from & and d <p are both 

polynomials in , A further restriction along these lines 
could be used to restrict F’ , but this turns out to be 
unnecessary . 
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f = 0 

for q any non-negative integer. 

• The proof proceeds for any fixed q as follow. . 


(4.33) 


Eq,(4.32) can be rewritten by expanding f 

00 CO 

= E E 




r=0 




= finite 


^ wiinimal-subtraction form " 


z" 

A m 


CD OO 


Y, - 1 E E ^ 

a=l b=i ’ 

X^ 


-b 


(4.34) 


(4.35) 


Comparing the coefficient of 

Eq(4.34) one obtains 

EE f = 0, 

ra r , l-r ’ 


“P 


, for I > p,on both sides of 


P=0, 1, 2, . . . 1.-1 


(4.36) 


r 

r -♦■o:5p 


The constraint r+s^ p follows from the fact that 


Y =0 

r.a 


if b > a. 


(4.37) 


(4.38) 


We consider the equation for p=0 , i = l. We have 
f =0 

OO 0.1 

It is easy to verify that Y^ 0. Hence 

O , i 

= 0 

OO 

We now proceed by induction on p. Let f^^ = 0 for r+s = 0, 1, 

.... p-1. Then, we shall show from Eq.(4.36) that 0 for 

r+s = p. We have already verified the assumption for p = 0 on 

account of Eq.(4.38). 

Using f__ = 0 for r+s < p in Eq. (4.36), we have 

(4.39) 


rf Y^ =Ef cf =0 

^ ■^r.p-r r.l-r ^ r,p-r l-r 

r=0 r=0 


xl-r r -1 

Here c[_^= = the coefficient of — in ^ 


Eq.(4.39) is valid for an infinite set of values of i starting 
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from P*tl. (Recall; ^ > p) . Out of this infinite set of 
equations, it proves sufficient to consider first (p'^1) 
equations i.e. with i -p+l,p’f2, ... , 2p'^l. We wish to show that 

^r,p-r ~ 0 r 5 p i 3 the only solution allowed for these 

equations. This will be so if we show that the determinant A of 
coefficients , 


A 


p+i 


P-1'2 


o'" 

p+i 


cf 



2 p-1-1 






(4.40) 


is non-zero. This is what we set out to prove. A can be 
simplified further by noting that relations exist between 
elements of each column. To see this, consider Eqs-(4.16) and 
(4.17). These lead to 

C‘) = (4.41) 


Using Eq.(4.16). this becomes 

[-X^ + ^(X)]-|j^Y^ - -C2y^(q-1) + (4-42) 

Substituting the expansion of Eq,(4.35) in Eq.(4.42) and 

X® 

comparing the coefficients of — obtains 

e 

Now usingClO] , 


= 


and 


2r 


m ( 1) 


(4,44) 


x<sn~ 

one verfies that the square bracket in Eq.(4.42) 


does not 
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vanish for any non-negative integer q and any positive integers 
r and s. The remarkable thing about relation (4.43) is that the 
square bracket on the right hand side depends only on (r+s). 
This has the immediate consequence that A can be written as 

A = a'®‘ (4.45) 

where 

+ 

(4,46) 

Using Eq.(4.43) again one obtains 

= K Cf Cf Cf 


where K is a product 

of terms like — C (r-t-s-1 )(5 +(q-l)2y 3 

3 Z TmJL/ 

and 


[2pr3,+2y ._(q-l)] all of which 

Z ITJvx> 

are 

non-zero. Hence 




K ^ 0. 

One can easily show by direct calculation that 
cf = 0 for each r. 

1 r,l 

Thus ^ 0. 

is a (p+1) X (p+1) matrix that depends purely on p in a 


simple manner viz. 
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(4.47) 

We show in Appendix D that, 0 for any positive integer p. 

Hence, the system of equations (4.39) have the solutions that 


f = 0, 

r,p-r 


r = 0, 1, 


This completes the proof by induction on p. Hence, the theorem 


expressed by Eqs.(4.32) and (4.33) is proved. This, in turn, 
proves uniqueness of of Eq. (4.7). 


[4. 5]DERIVABILITY FROM A BARE ACTION 

It is well known that the improved energy momentum tensor 
in Eq.(4.5) can be obtained from a modified bare action using 

e = 

We will now show that it can also be derived from a bare action 
using canonical methods. This action contains, apart from 
fields and their derivatives, second derivatives of fields 
also: , . 

S = Jd"x 


where 
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£ - £{<t>,d^4>,d^d^<p) (4.48) 

Adding second derivative terms to the Lagrangian density 
changes the equations of motion. Requiring the action to be 
stationary for fields which are solutions of actual equatj.ons 
of motion, we obtain the energy momentum tensor defined by 

a d {d <p) ^ (d d 4>) a 


'^^v\d{d d ®a ^ 


(4.49) 


M ^ 


which is the most general energy momentum tensor derived from a 
Lagrangian containing second derivatives of fields. Now, 
substituting for £ the following Lagrangian 


\ <p 






(4.50) 


one straightforwardly obtains the energy momentum tensor in 
Eq. (4.5). 
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CHAPTER 5 


ENERGY MOMENTUM TENSOR IN SCALAR QUANTUM ELECTRODYNAMICS 

[5. 1] INTRODUCTION 

IL is well known "that, the energy momentum tensor in gauge 
theories without scalars has finite and gauge independent 
matrix elements. In scalar theory, the energy momentum tensor 
derived from minimal Einstein action is not finite but one can 
obtain an improved energy momentum tensor which is finite to 
all orders in perturbation theoryCl]. This energy momentum 
tensor is the unique finite energy momentum tensor and it can 
be derived from an action which is a finite function of bare 
parameters of the theory [2] . The procedure of obtaining finite 
energy momentum tensor by adding to it improvement terms of the 
special kind described in chapter 3 is called finite 
improvement program. 

Since the finite improvement program is found to be 
successful in theory, one may naturally raise the question 
if a similar finite improvement program will work in other 
renormal is able theories involving scalars also. Now we will 
analyze this question in the context of some renormalizable 
theories involving scalar fields and having two coupling 
constants . These are 

(i) Scalar quantum electrodynamics (Scalar Q.E.D.) 
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(ii) Non- abelian gauge theory with scalars (NAGT's with scalars) 

(iii) Yukawa theory 

(iv) A theory of two interacting scalar fields 

Each of these theories contains apart from the self 
coupling of scalar field X another coupling constant, say » . In 
the limit x -> 0 , each of these theories effectively reduces 
to a decoupled scalar <p - theory. Obviously, the energy momentum 
tensor derived from the minimal Einstein action (i.e. one 
without any improvement term) does not have finite matrix 
elements in 0(x*^) itself and therefore an improvement term is 
necessarily needed. The question arises whether a finite 
improvement program similar to the one obtained by Collins for 
scalar <^'^-theory will work or not. It is possible that the 
improvement term obtained by Collins may suffice for these 
theories as well. However, as we have verified , using explicit 
calculations C 3 , 4] , this is not the case. Collins’ finite 
improvement program does work at x =0, but for higher orders in 
X it simply breaks down in the sense that in sufficiently high 
orders (for example O(X^e^) or O(Xe^) in scalar Q.E.D.) 
Collins’ energy momentum tensor does not have finite matrix 
elements thus necessitating the need for some further 
improvement . One may i;‘ecall that Collin’s improvement 

coefficient depends on r only. There is still a possilbility of 
a more general improvement program in which the improvement 
coefficient depends, in addition to e, also on the two coupling 
constants of the theory . It is this possibility that we shall 
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explore in the following chapters. 

As has already been discussed in detail in chapter 3, 

there can be two different interpretations of the finite 
improvement program [2,3]: 

(i) One, in which the improvement coefficient is a finite 
function of bare quantities at r=0. 

(ii) Second, in which the improvement coefficient is a finite 
quantity i.e. a finite function of renormalized 
quantities at r=0. 

Both of these programs, if they succeed, will lead to a 
finite energy momentum tensor withovit introducing any new 
infinite counterterms apart from those of the flat space 
theory . However , in case neither of these programs work then, 
to obtain finite matrix elements for one would necessarily 

have to add infinite counterterms and hence extra information 
from experiment would be needed. Here, we will show that it is, 
in fact, impossible (in all the four cases stated above) to 
construct a finite energy momentum tensor in either of these 
two ways. We shall start with scalar Q.E.D. in this chapter and 
then proceed on to other cases in next chapters . 

[5. 2] PRELIMINARIES 

We shall work with a complex scalar field coupled to an 
abelian gauge field described by the Lagrangian 
£ =- 1 f j 

(5.1) 
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where J)^4> is the covariant derivative defined by 
D 'J!' - ^ e A 

H t-i O (J 

and 

F = ^ A - d A 

fjv p V M 

We shall work with dimensionally regularised quantities 
and will use the minimal subtraction scheme [5,6]. The 
unrenormalized but dimensionally regularized Green’s functions, 
connected Green’s functions and proper vertices are generated 
respectively by W[J,J*,J ], ] and ] with 

W[J,J*,J^] = expt/d’^x[:i? + + J^A^] 

(5.2) 

where WCO] = 1. 

Z[J,J*,J^3 = -anW[J,J*,J^3 

.(X) =-^4— 


r [*,»*, .^ 3 = Z[J,J*,J 3- /d"xCJ*(x)$(x)+ J(x)**(x)+ J (x)V^(x)] 

f*/ M 

(6.3) 

In the M.S, scheme the renormalization parameters are 


<t> - 



2 2« 
m = m Z 
o m 



X = 

o 

1 — i 

+ 6X] 

2 S 2 

e = e 

O 2 

f 


A 

= Z^'^^ A* 






3 (J 






- ^ = 




(5.4) 

where 

and 

are two 

■independent 

arbitrary 

dimensional 


parameters. [Note that there are two mass scales and due 

of twd coupling constants. One can choose - 


to the presence 
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where D^<#> is the covariant derivative defined by 
I>^<P = 9 - t 

and 


~ ~ ^fjL 

We shall work with dimensionally regularised quantities 
and will use the minimal subtraction scheme £6,6]. The 
anrenor»alised but dimensionally regularized Green’s functions, 
connected Green’s functions and proper vertices are generated 
respectively by WtJ,J*,J^], Z[J,J*,J^] and rii ,i* with 

W[J.J*.J^3 = expt/d”x[J? + J*4> + J4>* + 

(5.2) 


where W£03 = 1, 


Z[J.J ,J^3=-i-inWCJ,J ,J^3 
_ , . 6 Z 

*(X) = 

6J’(X) 

(x)= 

^ 6 J^(X) 


3 = ZCJ,J*,J„3- -^d^xE^Cx)* (x)+ J(x)* (x)+ J (x)^(x)3 

(5.3) 


In the M.S. scheme the renormalization parameters are 


2 Zff 

m m Z 
o m 


A r A* 


e z* 


= 2^ ? = z,? 


(5.4) 

where and are two independent arbitrary dimensional 

paraaeters. C»ote that there are two mass scales and due 

of two coupli 33 g constants. One can choose = 


to the presence 
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(-1 - /J,but we have chosen w and u different, for the sake of 

2 ± Z 

generality] . 

One may notice that the renormalization of X is different 
from - theory where X is multiplicatively renormal i sable. The 
reason lies in the coupling of scalar field with gauge field, 
<p* vertex receives contributions from diagrams which are 0(e*") 
ni2. Such contributions are not proportional to X and hence one 
has to add <5X in the renormalization transformation. <5X starts 
with ) . 

The renormalization constants have the minimal subtraction 


form [5,6,7] 

z = 1 + J: (5.5) 

r =1 

where £ = 4-n and c = [Due to the presence of two mass 

scales, the renormalization constants in mass independent 


scheme will depend on powers of In c also] . 


The renormalized Green’s functions, connected Green s 
functions and proper vertices are generated by W*[J*,J 
Z'CJ*. and ] respectively with 

] and J* = J etc, 

frl * 


E< 3 .uations of motion imply that 


. «5S . , , 


<J*4> + ^ 


= - J*"<<^>* 


* K 

J<<P > 


= < 


6S 


<p + <p 


* 65 

Sdi 


= finite 


(5.6) 


Similarly 


6S ^ 




< 


> = finite 


(5.7) 
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Also, as shown in Sec. [4.4] for -theory, here also 

<m^(^ 4>> = <t>> ’ r finite (5.8) 

Thus 4> 4) ^ finite operators. 

a<p ^ ^ ^ 

^ i4> <P) is a multiplicatively renormalizable operator Just as 
S^4> is mutiplicatively renormalizable operator in X^*- theory 
[see Eq. (4.15)], 

{<f>*<p ) j- = {<p*4 > ) J (5.9) 

We shall use renormalization group extensively. Due to the 
presence of two mass scales and two coupling constants there is 
a larger number of renormalization group functions here as 
compared to X<jfr* -theory . For example, one may consider variation 
of X with respect to both and thus obtaining two ft 

functions - ft^ and Similarly, there will be two ft functions 
f?* and corresponding to e also. If we had chosen ~ - 

fj, there would have been only two ft functions and ft^ , but 
that would not have changed our analysis because 

id:* 

and p‘ = iff * 

Similarly, one can define other renormalization group functions 
also. Below we give the definitions of various renormalization 
group functions and their dependence on c (or its Xaclc) . (We 

have also indicated the leading terms which are needed in 

future discussion) : 

' 

^In principle (f could have a term of ^O(eX). But Z =Z 
because of WT identity; Kow, Z = 1 + 0(e ), because at e = 0 
there is no renormalization of photon propogator as it is a 
free field at e=0. 
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We define 




^O ’'^O ’“o '^O ’^2 


Xs + ft 


-k£ + ft + /? + 

2 ^3 


+ ft^e* + 


„x „ , ax 

P^(K.e, 0 ,.) » 


\ 2 ^ (^*e, 

^o’% ’"'o '^O ’*^’^1 '*'''’ 


r {X ,e,c,^) = -4- In Z 

m 21 OU m 

1 


o o o o z 


1 

2 


C«;(X) + e^g^’ (X)+. 


1 _ < 1 >. 
r C?' >- + 

2 m 

1 


] + 0 (e) + 


(X,e,c,^) = -i InZ, 

2 2 




2 < 0 > 

= e ?" + 

m 

2 




2 = ?' (X 

^O ’®0 ’“'o '■^’^2 * 


r^{x,e,c,£ ,K ) = -7 




r^’(X,e,c,-c) = -7 In^ 




r^’ (X ,e,c,c ) 


(X,e,c,c) 

f 

(X , e, c,£ ) 


~ T ^2 ^o ’ ®o ’“'o ’^O '^4 


1 ^ 

T 

i a 


2 ? 


= r 




2 2 


1 ^e 


Ine 




ft (X,&,o.e) s -j 


2 = /7 (^ 

^ o '® o ’’“ o ’^ o ’'^'^2 ‘ 


[ii*’(X) + e*h*‘*^(X) + 3 


where (X ) = Yi^ (^ )^ ■*■ 


(X,e,c) 

c> 

: r (X,e,c) 

m 

% 

r (X,e,c3 

Tti 

2 

.e.c,^ ) 

(X,e,c,? ) 
/ (X.e.c) 
r^' (X,e,c) 
(X,e,c) 
(X,e,c) 

,e,c) 
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- 

2 '^aaju 


^ O O O 1 


+ /?^(>^,e,c) 


P + O(e^) 


(5.10) 

We shall the renormalization of the operator 

0, = - -5-^ FF + i ?^(a.A)^ 

The complete set of operators with which it can mix under 

renormalization are given below^; 

X 


= -:r <■**'>" + 7 V I 


6<p 6cp 

r\ — ^ 


0= = 7 V ^ ^ r 


0 ^ = ~ 


0^ = <^V) 


(6.11) 

Given a complete set of operators that mix with each other 
under renormalization, one defines the renonnalization matrix 
<0. >"• "'= 1 : 2 . <0 >" (5.12) 

t ^ VJ J 


where < 0 , >* and < 0 , >”' **' are respectively the renormalized and 

t U 


o /s Cl 

^In the set of operators in Eq.(5.11) only the combination 3 ^ 

■f appears and not and — individually . This is 

6<p* 64> &<P 

because all other operators and the action are ssnnmetric under 

<p^ and A ► -A . Hence, only this combination which is 

symmetric under this operation appears in the renormalization 
counterterms of the operators in Eq.(5.11). 
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unrenormali^ed Green's functions of the operator 0. The 

1. 

renormalized operators in the M.S. scheme are defined 
stralghtforwardlr for operators 0^ - o, at aero momentum : 

</d"x 0'> = -m"-2f. 

arn 

</d"x 0"> = -/d"xCJ* ^ . 

aj ® 6j** 


</d''x 0/> = -fcfx J* ^ 

^ ^ 6J* 

<rd"x o,«> = i elf t I rd-xd^- 

. - jn R , „ a^ 

d X 0^ ^ ~ ~ f 


Renormalization of 


0 


has already been 


(5.12) 
defined in 


Eq. ( 5 . 9 ) . However , there is a subtlety involved in renormalizing 


0^ . One may use 


a _s 

< 

O 


a s 


o- = i 'o-t;: - t 


to define 


</d''x 0^"> 


X 


az' 


wr 


^ 1 az" ^ 1. ,n R 6z" 

Zx n 


(5.12a) 


But, this definition is valid only upto 0(eX ) for arbitrary 
n.In 0(e‘*) a problem arises because X^ does not vanish at X = 0 
Due to the presence of <5X in the third of Eqs. (5.4), it is no 
longer true that 
<X 


ds .R _ . af^ 

o " ^"3r* 


as tha ri^ht hand sida vanishes at. ^ - 0, whereas the left hand 
side does not vanish from 0(e ) onwards. But we can avoid the 
question of defining defining a renormalization 
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matrix by 

<0 

t 


E Z <X / 

j ^ 


(5.13) 

where is defined by the right hand side of Eq. (5.12a) and x“ 

R 

= 0^ for j = 2,3,-. ,7. As explained in Appendix G. Z^. 

continues to be a polynomial in the loop expansion parameter a 
and is invertible. From Eq.(5,13) and the following properties 


( a ) <0^ > 


U. R 


are independent of and 


(b) <X^> are finite 


(c) <X*> are linearly independent functionals 


(d) 


is invertible matrix. 


(5.14) 


it still follows that 

= finite at ^ = 0 

(Since this is all that we shall use, the question of defining 
0* can be evaded. Moreover, our results need only O(e^) 
quantities and to this order the difference between 0* and X^ 
turns out to have no consequence ) . One can deduce the structure 
of Z using Eqs . ( 5 . 6 ) - ( 5 . 9) and the result in Appendix F 


Z 


11 


iz 


13 


14 


13 


its 


17 


0 

0 

0 

z, 

0 

0 


1 

0 

0 


31 


3Z 


0 

0 


0 

1 

0 


33 

^<53 


0 

0 

1 


0 

0 

0 


0 

0 

0 


0 

0 

0 


54 


<34 


53 


Sts 


57 


0 

0 


1 

0 


(5.15) 


where Z (j = 1,2, --,7) are as yet unknown. We shall determine 

i. 4 
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(j = 1, 2, 

Ref . 8 . 


6) in Sec. [5.4] using the technique of 


The mass renormaliaation constant Z"* can be expanded in 


powers of e : 


Z Z~^ .i. 


< 0> ^ ro<2) ® ^ ^ 


m m 


We define A by 

re CO r 

^ - n 

r =is =1 s , 


(5,16) 


(5.17) 


Z saitsfies the following equations : 


^ 1 
a(J 

1 


ax 

dfj 


^ Z 


1 
do 


bar© 


ax 


-1 


bar© 


a z 


-> 1 


bar© 


ac 


= (-\s + 


a z 


1 


^e 


a „-i a\ 


bar© 


. a 1 . a , 

r,-! , 

a 


Z -f* 

m 


a z"‘ ^ 


Q> 

ESI 

1 

m ^ de 


m 

~W 

bar© 

ae 


(5.18a) 




dc 

2i5Jj 


bar© 


a z' 

n 

"7c 




o4- z 

ac Tn 


-1^ 


We shall need numerical values of and 


< 1) 


(5,18b) 


^2 = 


« , « < 1) ^ 

3( 2 ) = 


2 


(5,19) 


i 1 <57T 

We shall also need the following result proved by Collins [1]: 

If H(X. m, £)Z"‘ (X, -c) •= finite at ^ = 0, keeping X and m 

V ^ mco> 

fixed, and H is a finite function of X and m at = 0, then 

(5.20) 


H(X,m,^^) = 0 
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[5.33IMPOVED ENERGY MOMENTUM TENSOR IN SCALAR QUANTUM ELECTRO 
DYNAMICS 

We shall work with the following action, 

S[<^,g3 = 


cxy" fi& z ® 




-m 




Eq. 


-g(x) 

(5.21) 

The energy momentum tensor derived from this action via 
(3,1) is given by the expression, 

4- V'oA'’«p‘«-A) j fo CV„<»-A) + A^«^(«.A)] 

(5.22) 

As has already been shown in Sec. [3.23, to prove the finiteness 
of » it is sufficient to prove the finiteness of its trace 
■ ^ijv obtained by standard manipulations, 

.* --Li . . . 2 ^2 


e ^ = (n-4)J? + 2 {D <P) - A ml<P <P - <t>f 

fmJ f-* 

+ (n-2)f^d ^(A^d.A) 


(5.23) 


0 ^ in Eq. (5.23) does not have finite matrix elements beyond 

fj 

0(X) and an improvement term is necessarily needed to make it 
finite. As discussed in chapter 4, one may add to it any 
quantity whose divergence is zero and which does not contribute 
to the W.T. identity. The only such improvement term one needs 
to consider is of the form (d^a^- )<P*4> . Therefore. we 

define the improved energy momentum tensor as 


& 


t rnp 
(JV 


e + 


1 ^ 2 < r>«l> 1 -n J 


{d a - a^ g )<P*<P 

^ (J V 


(6.24) 
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where the improvement ooeffloi,^t g hae been reparametrlted for 
later convenience and we have the freedom to ohooae it. We will 
now inveetigate the poselbility of choosing I in such a manner 
finite matrix elements to all orders. It is 
sufficient to consider the finiteness of which is given 

by 

X ( ^ ^ 

= (n-4 )[— ^ t 


6<p 


*65 ^ 6S . , 

+ — (^) 


S<p 


+ g Z ^ i<p* <p ) > 

m 


(5.25) 


Using Eqs . ( 5 . 6 ) , ( 5 . 8 ) and (5.9) and making use of the fact that 
is a finite operator [see Appendix F for proof], 
we obtain the following expression for , 

<7'"" = finite t(n-4)<^ ^°‘* ** ^ *T 


•f g Z ^ i<P <P)> 

m 


(5.26) 


At zero momentum the last term in Eq,(5.26) vanishes and we 
only need to consider finiteness of the operator 


'>^ {<P <P) ' _ 

(n-4) <--^2 + i F + - ? (©.A) > 

for considering the finiteness of < >, One can use the 

r* 

technique of Ref . 8 to obtain 


k (^ *^ ) . . 2 T> ' 

(n-4) <X(-^— ; f 7 i f„(d.A) )d x > 


If. II 


at WpjU, 


is 


We shall do so in the next section to show that <e^ 
finite at sero momentum and to obtain an expression for the 
trace anamoly at zero momentum. This will also furnish 

information about the renormalization matrix of E^*(5.15) 

which will be used in Sec. [5.5] for obtaining <© > at non 
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zero momentum. 


[6.4]FimTENESS OF AT ZERO MOMENTUM 


Pit aero nriomentum, t/he t/race ec^uation it 


H 4 


+ r F,,..F^^+ i ;^(d.A)^)d"x>^' ** 


V y-' s 

<; (-— -; - 7 * T ?.(».A)^d"x >'’■* 


* (JiJ 2 ' O 

= finite (5.27) 

It is straightforward to show that 
i>) 

4r 

= -<S>'''" + ^ ~ <?^)d"x>* (5.28) 

64 , 64 

To obtain <S>^' * we proceed as follows [8] . The generating 

functional of regularized Green’s function is defined as 

WCX^a,e^-/a ,m*,-/a J,-/a J,-/i J* ,Va 

= fa><?b5>^*JDA exp(-S + /d"x[J*<^ + J4* +J,.A^3 (5.29) 

a f** 


which implies that 


-t. <S>W = 
dW 




a=l 

dW 


1 , 1.^ jFt T/-.\ dV? ^ f Mr \ 

- + pTd X J(X) + pTd X J (X) 


dW 


dj* (x) 


. - /d X J^(X) 


(5.30) 


Now 


dW 


dW 


" 7 % 


= X 


dW* 

w: 


bar© 


1 <^W 

2 




O 

2 


bar© 


where W = W* = W* [<f* ,X , e,m^ ,^2 . c.^] 

The above expression is equal to 

7 % 7 %di ^ 

0 0 O ^ 
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+/d^x ^(X ^ 


6W*' dj** 


+ i-e F ) + f<fx 21^ (X ^ ^ Lq ^ 

Sf- 2 °^o ^j»R^ o^C^ ^ 2®ode^ 


,n__ 6W" 


dj* 




+ /d”x ^ fx —£ 4 . 1 ^ 




Sir + 


(5 31) 


Now X depends on X^ and e^ through the combination 


-c^z 


%^z 
Hence , 


f\ ^ ^ i. , dX dX 

) bar«= ^ 

00 


= . e, c,c ) + /?^ (X , e, c,£i ) 3 


with similar results holding for all other terms. Now using 
definitions of Eq.(5.10), Eq.(5.30) reduces to. 


■L <S> 


u. « 


«" = - p 


(x,e,c,e)+ /5 (X,e,c,£) 


TF 


] 


dW" 

ST" 


P 


(X ,e,c,c)+ f?®(X ,e,c,c)^ 

e ^ 


r + r 

f- m m -I 

[-v^] 


£■ 


2 dW* 




2m‘' -^2 


[i - 


<5W" ,** 6V^ ■ 

6J* 6J**- 


2 1 ^ avT 


W 


Jl - ^'- !jl] /d"x j" 
[2 £ 2; J AJ 


^ 6J* 


(5.33) 


Substituting the above in Eq.(5.27) and using the definitions 


(5.13), one obtains 


</Od"x>'"-" = E X <i"x >" 

1 * J J 


(5.34) 


where 
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Z =1- -i L, 

11 xS 

m m 

Z = 2 i 

iz ^ S 


r, + 


IS 


14 




i*y 


±<5 








- 2 - 


^ J 




(5.35) 


Note that Z^^ , j = 1,2, ,6 have only simple poles in and 


hence 


<j-d''x = finite 

r* 


( 5 . 36 ) 


[5.5]©^ AT NON- ZERO MOMENTUM : IMPROVEMENT TERM DEPENDENCE OF 
THE FORM g(^,e^p;^,X^p;^,c) 

We have shown in the previous section that the energy 
momentum tensor 


e + T ^ ~ S 9^)<P*4> 

(JV 2 (l-n ) V 

is finite at zero momentum. At non- zero momentum, one can show, 
by explicit csSculations , that this energy momentum tensor is 
finite only upto 0(X®) at e=0, upto 0(e*) at X = 0 and also in 
0(Xe*), but a further improvement is neces.aar.llg needed in 
0(X*), 0(Xe'‘) and OCX^e*) [See for exapmle Appendix E] , 

We shall now consider a further improvement, where the 


improvement coefficient is a finite function of Mrs coupling 



5-17 


constants , e and c ( ) ■ 


0'-”'^ = © 




[mrTT) ^ 


r r=r» w 1 %J X 


OD 

E 

r=o 


^ s^y)<p"<P 

(5.37) 
(5.38) 


and g ’s are finite functions of £ and X u~^ 

^ t 

Trace of is, as before, 

]<©*((/>%)>*+, finite 


(5.39) 


(6.40) 


One can reexpress for future convenience, 

'sic = - £g(c,e^M~^,XoAi~'^,c) 

(<?, ,X^AJ~'^ ,c) = - cg^{£ , ,o) (5.41) 

whore ,c)Z^ and g^,^ are allowed to have 

terms. We thus have 

(5.42) 

where X = Z^^ + g(^ . ,c)Z^‘ (6.43) 

Thus, to obtain a finite energy momentum tensor, one must find 


<QvmpAi> _ _ £X<a*(^*0)>’' 


a g(£ ,c) such that X, given by Eq.(6.43) has no 

worse than simple poles. We shall show, in what follows, that 
it is not possible to do so consistently except at e - O.To 
achieve this end, we shall make use of RG equations satisfied 

by Z„CSee Appendix G] •• 

a 7 vZ 

f ^ /aX . + /-_2£ + ©* + ©*> 'A'-~ -2(y + r ) Z 

i-\c + (3^ ■*■ ^2 j ' i ^ 2-^ 3e "*1 "*2 
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Substituting for from Eq.(5.43) and using 


(G.ll) 


« IM ^ -m Yft m 

1 


0^2 ’ 0^± 

2 -S , 


... ^ ^ 

(5.44a) 


^ 2 


.-1 

i 

m 


„-l ^ 2 

,c) 

2 


(5.44b) 


and Eq . (G.ll) one obtains the following equation satisfied by X 


(-X* + *K * H- - 2 <^. ) X 

1 2 


1 2 


-1 

I 

m 


(5.45) 


which together with 

® _ 

-C) = E fin ’^0^1 ^ 

reduces to 


n=0 


(-xr-. . (^+ (?% -2(r„ ^ r„ )X 


m m 

1 2 




[ ^ d(X”^ )^0^1 } ] 

(5.47) 

It should be noted that this equation is always satisfied by X 
for any Si^ > (that is for any g^ 3).We shall 

consider this equation at c = 1, as , this suffices for our 

purpose and we will write, from now onwards, 


(5.46) 
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!c = l 

Sn^^'Vr^ = ®n(^'Vr’'=>lc=l 

Now suppose, if possible, that g^’ s can be chosen such 
that X has no worse than simple poles (which implies the 
existence of a finite e.m. tensor) . Then the l.h.s. of Eq.(5.47) 
contains at worst simple poles. Also Z and Z have only 

11 19 

simple poles [see Eq. (5.35)3 and r 
finite quantities. Therefore 


17 


^ 17 ’ ^^7 ^=7 




’(>^ P~^) 
' 0*^1 


•CO y ^ S T 

n=0 ^ d(X p ) -'•* 

' O 1 


also has at worst simple poles. Thus, we should have, for the 


finiteness of B 

r^g. 


V rmp 
AiV 


rli X +E fng + — ^ 1 


= finite 

At e = 0, Eq.(5.49) reduces to 




-4£rv O 

^ O 1 


X 1 Z^\ 

O 1 J m<0> 


= finite 


(5.49) 


(5.50) 


which, using the Uniqueness Theorem of chapter 4, implies that 

(6.61) 


r — 52 X = 0 


i.e. is a function of £ only. This is in agreement with the 
result of Ref . 1 . 

Using Eq.(5.51), Eq.(5.49) in O(e^) implies that 

^ O 1 


<o> 


= finite 


(5.52) 


Therefore, as before, one obtains 
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) + 


^ S "I 

X =0 (5.53) 

a(x ° ^ J 

' O 1 


Now, cg^ is a finite function of X^^^^ 
expanded as 

00 

n=sO 

where cg^^{£) is finite at r = 0. 

Substituting Eq.(5.54) in Eq. (5.53), one obtains 


therefore it can be 


(5.54) 


[g®'(^)+E + ng‘’"'(£))(X^p”^)"3 = 0 (5.55) 

n=0 

Comparing powers of on both sides of Eq.(5.55) one 

staightforwardly obtains 

g'"’ = 0 n = 0. 1, 2, 3, '5.56) 

Eg. (5.68) means that to O(e^) and all orders in X no additional 
improvement is needed to make finite. But this oontadiots 

the result of Appendix E. where we have shown that in 0(X*e*), 
the guantity [-rZ., t i„(r)Z-*] dpas have double poles. Hence 
we conclude that it Is not possible to find an improved energy 

momentum tensor of the form given in Kg. (5. 37), which may be 

_ , 2 , 

finite even to 0(e ). 


t5.6]e^-AT HON-ZEEO MOHENTBM : IMPEOVEMEHT TEEM DEBEHBENCE OF 

the form ^(-e, C) 

We shall now consider an improved energy momentum tensor 
of the form 

- e 


fJU 


^JV 


r n -2 ^ >\l21 l(d A.-O* 


Retracing the steps of the previous 


(5.57) 

section, we obtain the 
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trace of ^ 

r** ^ 


L mpfJ . „ . . , „2 R 




> = finite - sX<d (<t> 4>)> 


(5. 58) 


where 


and 


+ g(£,e^X,c)Z■^ 

17 m 


00 


g(r,e^,X.c) = E (^>X.c) = g(^.e A.c) (5.59) 

n = 0 

X satisfies the following equation 


11 ' i*: 




Now, 




9 / 


^ +( — 2(r 
. '‘2 1 ' z 'ae 

)X 

* r„) t r„) 


^ 2 "1 ^ 
■g(r ,e^,x,c)+ ^^ 2 gj 7 "S('!^ .e ,x,c)jZ^ 

(5.60) 

= (-^r 7 + [Sf If t ■: H- 

(5.61a) 

= (- 2| 7 p®)|f + [5^ ^ - = If- 

(5.61b) 

(5.61b), Eq (5.60) reduces to 



^ ^ * '’Ml- 

= 2;„ j-.i) + ^.= <''=7-' ''=7> 


-[(- + (3^ + (3^)^ +<- r* '’f ■" '’^lf-]C 


(5.62) 


As before, It win prove sufficient to consider this equation 
at 0=1. If X has no worse than simple poles then, as argued in 
Sec. [6.5], Eq.(5,62) implies that 


r ^x ./ finite 

Ai-xs + (3^ ^ “ 'z^de J m 


(5.63) 
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Substituting the expression of Eq.(5.59), Eq.(5.63) reduces to 


[ V V 00 Sa 

{ )]C +(- 


rj = 0 


12 n I Wi 

n= 1 -» 


n= 1 

= finite 


At e=0, Eq.(5.64) reduces to 






1 z'"* = 

J m<0> 


finite 


(5.64) 


(5.65) 


Here, (£ ) is a finite function of X and £, therefore using the 


result in Ref.l [see Eq.(5.20)], one obtains 


£ ( -X£ + ft + ft + 

^2 3 


But (-\£ + (9 X* + ft X^ + 
>. ‘2 3 




....)^ = 0 

) i*= 0, therefore 


(5.66) 


i.e. g is a finite function of c only. This again agrees with 
o 

the previous result [1]. 

In 0(e*) Eq.(5.64) reduces to 


(5.67) 



1 

|^(-X^ + (3^X% ft\ + 

)3fE" " ■*" 


which, as before, implies that 




(-X£ ^ ft X^+ /7 X^+ )^ g^(x,£)=0 


(5.68) 


oo 


< n ) 


(5.69) 


Expanding 

g.(X,,p) = E g^'"‘-p5X' 

n = 0 

and comparing successive powers of X in Eq.(5.68) one finally 
obtains 


<n) 


g =0 for all n 

1 


(5.70) 

Hence if an improvement of the form given in Eq.(5.57) is 
sufficient to make finite, then one need not have any 

r* 
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improvement in 0(e) and to all orders in X. But this 
contradicts the result in Appendix E and hence this improvement 
program also fails in 0(e ). [ It is easy to see that the above 
analysis can be extended to all orders in e^ , suggesting 
thereby that the improvement coefficient as obtained in 
Ref . 1 should be sufficient to all orders, if an improvement 
program of the form in Eq.(5.57) is to be successful. But this 
obviously is not truei . 

[5. 7] CONCLUSION 

We have considered the possibility of improving the energy 
momentum tensor of scalar quantum electrodynamics, in the 
framework of dimensional regulariaation, by adding an 
improvement coefficient depending on r . A finite improvement 
coefficient depending on £ is not sufficient except at e=0. The 
most desirable choice of a more general improvement term would 
be one in which the improvement coefficient is a finite 
function of c and bare coupling constants, because such sin 
improved energy momentum tensor would be derivable from bare 
action. But, it was found that this type of improvement 
coefficient is not sufficient even in O(X^e^). Moreover, an 
improvement term, which is a finite function of s and 
renormalized coupling constants, was also not found to work 
beyond same order. It is , therefore necessary to introduce a 
new infinite renormalization in order to get finite matrix 

momentum tensor in scalar electrodynamics. 


elements for energy 
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CHAPTER 6 


ENERGY MOMENTUM TENSOR IN THEORIES WITH SCALAR FIELDS 

AND TWO COUPLING CONSTANTS 

[6. 1] INTRODUCTION 

It. was shown in the previous chapter that the energy 
momentum tensor in scalar Quantum Electrodynamics is not finite 
and that it is impossible to make it finite by adding 
improvement terms consistent with finite improvement 
programCl], Now, we will analyze three more theories involving 
scalar fields and having two coupling constants. These theories 
are 

(i) Non- abelian gauge theories with scalars ( NAGT ’ s with 
scalars) 

(ii) Yukawa theory 

(iii) A theory involving two interacting scalar fields. 

We shall establish, in the context of each of these theories, 
the impossibility of having a finite improvement program 
leading to a finite energy momentum tensorC2-43. As before, we 
shall consider improved energy momentum tensors of two kinds: 

[A] When the improvement coefficient is a finite function of 

, . -s -e . 

bare coupling constant :g = g('C,A,^^i 

[B] When the improvement coefficient is a finite function of 
renormalized coupling constants :g = g(^,^,**)- 
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The analysis for all the three cases is very similar to 
the previous case. For this reason, we shall be very brief. 


[6.2]ENERGy MOMENTUM TENSOR IN NAGT'S WITH SCALARS 

We shall consider a real scalar multiplet in the vector 
representation of 0(3) coupled to 0(3) gaug’e fields. 
(Generalization to 0(N) group is straightforward). The 
Lagrangian density is 


L = L. 


L + L ^ 

9 9>^ 


S 


J'd X L 


( 6 . 1 ) 


where 




a. .2 


and 


L = E ) 

^ a 

gh fJ o 




( 6 . 2 ) 




a .a _abc *b .cV 

= 


T'* being the adjoint representation of 0(3) satisfying 
CT'^.t'"] = 

The energy momentum tensor obtained from this action via 
Eq.(3.1) is 

- g e a^(a.A“)A“ <6-3> 

This energy momentum tensor has finite matrix elements at q-0 
and to first order in qC83, but not to second order in q. The 
most general improvement one^^can add to is parametrized as 


e 


L mp _ 

'UV 


e 




[ — + -rr^ l(d d -g,„y )(<^'’’<^) 

[4(l-n) 1-n J ' P y 
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e -f 

IJU 




(6.4) 


where © is the energy momentum tensor obtained from the 
conformally invariant action[7]. 


To prove the finiteness of © , , it is sufficient to 

IJt> 

prove the finiteness of . it is straightforward to show 


that 


vmp/J _ 




7 , 6 S .o.R. /ir-2w^6S u.R 


-(n-2)<a^R„(a.A“)A*-5“D“*’G^] >"-*' 

«rr,^*V>'' (6-5) 


As shown in Appendix 

H, d^[?^(a.A°)A^ - 

- 

is a 

finite 

operator. Moreover, T! 

^ and 

s-C 

m^<p <p 
o 

are 

also 

finite 

operators [This can 

be shown along 

the 

same 

lines 

as in 

Eqs . ( 5 . 6 ) and (4.13)] 

, Thus 





_ finite + (n-4)<0 + 

P 

g z'* 

m 

<d^(0 


(6.6) 

where 






0^ s — g(i^> <P) + 







and we have used 

= z;‘<a"(4>V)">' 

[This can be shown analogously to Eq.(4.16)]. Thus, we only 
need to know the renormalization of 0^ . can mix under 

renormalization with the following complete set of operators: 
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0 = 0 "^(p 

2 ^ 


n - 

U ~ <p mr- 
3 tScp 

V 


0 = A°-^ + d 

P AJ b 

M 


Where S = A“ f 


0^ = -£L.c" 

3 ^ 


O. 


6C 

^ 1 -^ 0 . ^CXfJV 


*-,a ^afJU cx .2 


= -2 ';o<'’A“)’ 

0^ = 


(6.7) 


One defines ‘the renormalization matrix by 

8 


<0 >'^ •" •= E z <0 >'‘ 
^ .=1 ^ 


( 6 . 8 ) 

One can define the renormalized operators at zero momentum by 
the following equations: 

1 


d X 0, y — x*3r- + 7r e 


£Z" 

"ax 


dZ" - R 6Z* 

2 ^ + /d X 771, 


6J 


crd’^x 0 *> = -2m^ ^ 

am 


</d"xO /> = -J-dPxf = -^d^xO 

p 

</d"xO**> = -/d^xJ,"^^ + 2</d"xO*> + <Xd"xO*> 
* ^ 6J " 

</d'^xO "> = Xd"^x r? (x) — = Xd'^xO 

3 CL a 3 

07} < X) 

.. ,n „ R. 1 az* . 1 R 6Z*^ 

</d xO^ > = e ^ ^ /d X 77T 


6J 


</d"xo/> = -r 


(6.9) 


The definition of 0^** holds only upto 0(e ). because X is not 
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multiplicatively renormalizableCThis has been explained in 
detail in the context of scalar Q.E.D.)- However, Eq.(6.9) 
suffices for our purpose since our treatment is in O(e^) only. 
Thus , the trace equation can be written as 


vrnpp^u.R. _ - £ E Z <0 >’^ + g Z~"- <d^ 

fJ J rn 


( 6 . 10 ) 


, j = l , 2,— • , 7 can be obtained by considering the above 
equation at zero momentum: 

</d"x0^’-""^^>^’ finite - ££ Z^^ </ d" xO^ >*" (6.11) 

Following exactly the same steps as in Chapter 5, one obtains 

Z 


2.. = 1 - -t? 


^12 ■ F 


r^-f^ 


14 


13 S 


z = JL. — 1 -2— 

is; s s 

7 ^ (L - ^ 


(6.12) 


17 £ 

where the RG functions are defined as follows: 

X .X ax 1 

(3 (X,e,£) = “X£ + ft — ^ d^ijbars 

ae| 


/?^(X,e,£) = - ^ ^ 

1 a - 

r (X,e,£) = J'^CX.e) S -5 


bCLTO 


InZ 


r(X,e,?,£) = r (X ,e,? ) = ■^ AJ-g^lnZ| bar€ 


(X.e.?,^) = r3(X,e,?) = ^ 


InZ. 


bor^ 


r = "2 (6.13) 

[In contrast to the previous case, we have taken here the two 
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mass parameters to be equal, Thus, one obtains the 

trace equation at zero momentum, 

</d"x "■ = 0. >' - x_(X,e)<Xd"x o.>' 


X ' 1 m 

- 3"(X,e)<J‘<fx0,>** +(/?®- y X/d'^xO >" 

3 3 ^ 

(r?^-2x- r„)</d"xO^>" + (2/?®-(?^)</d"xO >* 

3 S <5 


- r„<J'd"x 0^>* 

3 7 


(6.14) 


Thus, is finite at zero momentum. As j = l,2, ,7 

have only simple poles at zero momentum, the trace equation at 
non -zero momentum reduces to 

*» T* «» 

(6.15) 


= finite + C- £Z + gZ ‘ 

j/J 18 m 


Z is as yet unknown, but we have verified by explicit 

x8 

calculations that je-Z_ is finite only upto 0(X®) at e=0 , upto 
0(e*) at X=0 and also- in O(Xe^). However, in 0(X*), 0(Xe ) and 

OCX^e"*) Z does liave double poles[2] and therefore a non- zero 

18 

g is necessarily needed to obtain a finite • We will now 

consider the possibility of choosing a g such that the quantity 


+ SZ 

18 m 


(6.16) 


where g = g , has no worse than simple poles, this being the 
necessary condition for finiteness of will discuss both 
forms [A] and [B] (discussed earlier) for g and will show, in 
each case, that it is impossible to make e'’^ finite. 

CASE I : Consider e'‘^ of the following form 


e'-"’p = e 


pv 


r n-2 

l4TT^ 




(6.17) 


where 


~ , 2 -r -r . 

g(r,e^p ,X^p ) 


2 S . ^ 



CB 
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-E ^ (6.18) 


•e^g ’s are finite functions of their arguments, but g ’s can 

' * n 

have 1/e terms. 


To prove the negative 

result 

[A], we 

shall 

use the 

RG 

equation satisfied by Z . 

IB 

Z 

satisfies 

the 

following 

RG 

equation, 







Z.^ i^^rrZ - y . - finite at e=0 (6.19) 

I j ofJ jk vJc 

Using the fact that 

(i) 0^, 0_ and 0„ are finite operators. 

(ii) 0^ can mix under renormalization only with 0^, 0^ and 0^ 
(This has been shown in Appendix H) . 

(iii) O^ can mix only with 0^ , 0^ and 0jj(al3o shown in Appendix 
H) . 

(iv) is a multiplicatively renormaliaable operator: 


one obtains the following structure for Z 


Z = 


X. 

2.Z 

2.3 

2.. 

2.S 

2. a 

2.7 

z 

18 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

2.3 

2.. 

2., 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

2.. 

2<S2 

2,« 

2<.. 

2<« 

2«„ 

2.7 

2.3 

0 

0 

2.3 

2.. 

2.= 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

z 

m 


( 6 . 20 ) 


Eqs.(6.19) and (6.20) yield, following the same procedure as in 
Appendix G , the following RG equation to be satisfied by • 


, aZ 

( ~Xc + ft ( 


az 

^ 4 . ■< - 2 xZ = z r + Z r 

‘^mia IB ia'<» 
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( 6 . 21 ) 

Eq.{6.21), when combined with the RG equation for Z~^lsee 


Eq. (4.16)3, implies 


( +(- ■^ + ( 3 '-)^ - ^ X 


ax 




OD 


n=0 




^s_ 


"" ^i<S^ (58 

C <6 ■22) 


a(x^u ) 

Now, suppose it were possible to choose g ’s such that X has no 

n 

worse than simple poles (which, in turn, would imply the 
existence of a finite energy momentum tensor). Then, as and 

\ts only simple poles, the left hand side of Eq.(6.22) has 

at worst simple poles and hence, so has the right hand side. 
Hence, 

7 I 

I 


|e 

‘-n=0 ^ 




ng + 




Z^^j = finite (6.23) 


which is the same as Eq.(5.49) of Chapter 5. It has already 
been shown in Chapter 5 that the above equation when considered 
in O(e^) implies that 


=0 (6.24) 

Therefore, the improvement term under consideration is 
consistent with the finiteness of in 0(eX ) only if 

g(c ) = gjj(^) + 0(0**) (6.25) 

i.e. the improvement term obtained to 0(e*^ ) is sufficient even 
to O(e^). But we have verified by explicit calculations [2] that 
an additional term is necessarily needed in 0(e ) to make 
fijiite. Hence, we conclude that it is not possible to find an 
improved energy momentum tensor of the form in Eq. (6.17) which 
may be finite even to 0(e^x"). 
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CASE II: Consider 0^^*" of the following form 


e 


L mp 
(JV> 


Q + 

/JV 


■ n-2 

.TTT^ 


-1 - S(^ ) (t ) 

n)~ (T-n) 


(3 a -g a^) (<p'^<p) 

fj V pv J \'r- 't' j 


(6.26) 


where 


00 


g(s,e = - eg{c,e ,X) = - r 2 e g (X,.r) 

n 

n=0 


(6.27) 

(^>X)’s being finite functions of X, although they may have 


1/c terms. Using Eq.(6.21) and 
z 


g(^>e ,X) - {—\s + /? ^ 

one obtains the following equation satisfied by X, 


(-\£ + (3^)^ +( 


e£- /^e.ax 


2r X- Z r 

m il IB 


^i<5^<5e 






3 c 


As before, the existence of finite implies that 


[<- 


■Xz: + f3^)^ + ( 




;]C 


finite 


(6.28) 


(6.29) 


g(^,e^,X) = g^(^) + 0(e*) 


Eq,(6.29) is exactly similar to Eq.(5.63) and hence, when 
considered in O(e^) implies that 

(6,30) 

which, as discussed in Chapter 5, leads to an inconsistency. 
Hence, it is impossible to find an improved energy momentum 
tensor of the form given in Eq.(6.26) also. 


C6.33ENERGY MOtiENTUM TENSOR IN YUKAWA THEORY 

In this section, we shall consider the possibility of a 
finite improvement program in the context of Yukawa theory of 
scalar-fermion interaction. The Lagrangian density is given 
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by, 


1 


L ~1T~ + <-&^vr^wP (6.27) 

The symmetric energy momentum tensor, given by, 

(6.28) 

has finite matrix elements at q=0 and to first order in q, but 
in 0(q ) a further improvement is needed[3] . The most general 
improvement one can add to 0^^is parametrized as 


©'■'"P = 0 + 

fJV (Jt> 


[tTT^— T -1^ ' 1 ^ ~g 

{_4(l-n) 1-n J V Vv 


(6.29) 


As in the case of scalar 4>^ — theory, finiteness of j^g 


sufficient to prove the finiteness of . Trace of © 




mp 

fJV 


IS 


given by 




-(n-l)v^ ^ 


(6.30) 


T 


The renormalization transformations are 
0 = 


A R 
v = Z V' 


Ai CX2^ + <5X(g)] 








M gZ_ 


m_= Z m 
o m 


m!= Z.M* + Z/m* 


(F.l) 


X is not mult-ipicatively renormalizable |or the same reason as 
in scalar Q.E.D. case. 6X starts with 0(g). Here, the scalar 
mass is also not multiplicatively renormalizable due to the 
presence of diagrams for the scalar propagator ( such as the 
single fermion loop diagram in 0(g )) w^ich give contributions 
proportional to m^ . Z ’ starts with 0(g ). 



6-11 


As shown in Chapter 4, bf/ and 4 ^ are finite operators 

2 

has the renormalization, 


^ ^ Eos (4 13) and (5.6) that 

One can show along the same lin.s 

„ W and are alao finite operators. Thus, 

° 6y/ — _ " - 


(6.31) 


^gi.mpp>u.R- _ finite + (n-4)<0^>"^‘ 


+ GZ"‘«>V>'' 

m 


where 

X 4 ^"^ 

0. = ^ 

. . the renormalization of 

Thus, we need to know tne zex 

ith the following set of operators- 

under renormalization w 


O can 
1 


mix 


2 .2 

0^ = 

0 = rav^ 

3 O 

r. ^ 

— 6 S 

0 = 1 ^ —2 
= 


% = -2 




(6.33) 


are defined as follows: 

Renormalized operators ar 

<rd''x o^>" =^lr 




' I I II inrr there is 

51* is renormalization 

nt dimension t”'" dividing the equation 

constant can he ohtaine _ Z ,J_ 




= - 2 ( 1 + 


(F.2) 




. " 1 . the renormalization constant is mass 

rna^Perdtnri^n^S^--=-^ 
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<J’d"xO >* 
2 


-2hf 


at 


</d'^xOg>* = -m 


at 

R 


< /d"xO >" 

< 


az 


/d"xJ* 


62” 

6 J” 


</d"xO^>” = - stx (x) 


</d’"xO^>” = - /d"x 77* (X) 


677 <x> 
6 Z” 
677 ” < X ) 


</d xO^> - 


(6.34) 

where r 7 (x) and ‘^(x) are the sources for the fermion fields. 
Again these definitions hold only upto O(e^), but that suffices 


for our purpose. The renormalization matrix is defined by 
0 

(6.35) 


<0. >”•*• = E Z <0 >* 


Thus , we have 
<0 


8 ^ 
finite - Z <0 >” + G 


(6.36) 


Z^j.,j = l, 2 , ,7 can be obtained by considering </d"x 0 *> and 

retracing the same steps as Eqs.(5.28) -(5.33) in Chapter 5. 
The final result is 


11 



Z 


12 




Y 


c 


z +z 

15 1<5 



7 V - ifl - M!l 

^13 s 17 “ Xr 

One may note that the above procedure does not 
^i «5 because /d^x 0^ = -fd xO^ . From 

only follows that has simple poles . 


(6.37) 
yield and 

IS 

Eq.(6.37), it 
However, the 
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theory has a charge conjugation invariance and the operator 

0, -0^ = (W'^¥'),which is odd under charge conjugation , cannot 

appear as a counterterm for 0 . Hence, only the combination O 

1 ^ 

+ 0^ can appear in the expression for 0^'*'- This requires that 

r 

z = z = — 

15 its £ 

1. e. both Z and Z ^ have only simple poles in c. Thus, we 

15 lo 

obtain the trace equation at zero momentum: 

</d^x 0 r (X,g)</d"x 0 >* 

/J A. 1 M ^ 

- Y . g) <-^d'^xO >** - r (^ , g) <-^d"xO >* 

- r > g ) <-^ xOg + / d'^ xO^ >* 

-(^ - ^x/d’^x 0 (6.38) 

g 7 


where the RG functions are defined as below- 


X ax I 

ft (X,g,c) = -X£ + (? s 

= -Xr+X^^5^ + ^ ^ 


d(6x“') d(6x“') 

— ■^1 


-<5X 


< 1 > 


1 


= -\£ + ft^'^- 


/?®(X,g„r ) 



ca , ^ , «gr . s 

=-r ^ 

rjj(x,g,^) 

- rj^(X,g) = 1 

r^(x,g,.c) 

= “ "2 ^ jbar« 

r^(X,g,r ) 

= r^(X,g) H -\ 


X , g 

~ 1 ax ' A ag 
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= ri^,g) = I 


^ -I ^ 


j bore 


jg)^) - ^ j s) (j- ^ - j - ln.Z 


I bare 


(6.39) 


Thus, is finite at aero momentum. One can verify by 
explicit calculations that at non-zero momentum, it is finite 
only upto O(X^) at g=0, upto 0(g*) at X=0 and also in O(Xg^), 
but an improvement term is necessarily needed in 0{X*), 0(Xg'* ) 
ajid 0(X^g^)[3]. We shall now consider improvement term 
dependence of both types [A] and [B] stated in Sec. [6.1] and 
will check if either of these forms can lead to a finite energy 
momentum tensor. 

CASE I: Consider an improved energy momentum tensor of the form 


= 0 

(JV 


lJU 


r n-2 

L 4(l-n: 


G(s,gu u ) 


(1-n) 




^ -“g ^ )<p 


(6.40) 


where 

.X^) = -£G(^,g^M'^.X^M'^) 

= -cZ 

n=0 

G is a finite function of its arguments, whereas G and 0^ can 
have 1/c terms also. Using Eqs.(6.36) and (6.37), one obtains 

the following trace equation, 

<0^”’‘^^> = finite + GZ;‘]<^V>* (6.41) 

Defining 

one obtains 

Lmpp>U.R ^ fijiite - CX<^V>*‘ 


(6.42) 
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R©noiriiializa'tion roa'tirix 2 has the following stnuctuire^' 


1 1 


0 

0 

0 

0 

0 

z. 

0 


7 1 


1 2 


22 


32 


0 

0 

0 

z, 

0 


72 


13 


0 

1 

0 

0 

0 

z. 

4 

0 


73 


14. 


0 

0 

1 

0 

0 


74. 


13 


0 

0 

0 

1 

0 


73 


0 


1 <3 


0 

0 

0 

0 

1 

z 

0 


7 <S 


1 7 


0 

0 

0 

0 

0 

z_ 


1 8 


77 


0 

0 

0 

0 

0 

z. 


7 B 

z""" 

m 


which, together with, 

r = finite at £-0 


VJ jk 


\.k 


4 

gives the RG equation satisfied by Z , 

ez 

+ (-®£ + -r-^- 2r Z = Z r + Z r 

^ 2 tfg M 18 11 18 17 


% ^z 

(-\£ + ^ ^ ^ 




78 


(6.43) 


Hence, as in Sec[6.23, X satisfies the following RG equation, 
X dX 

{-\c + ft + ft^) 2r^x - Z^^r^ 


00 


-- ■cE (fipM ) 
n = 0 


"H 


dG 




-S\ „-l 

^ u Y Z 

J u 


(6.44) 


"^Here, we have used Eq.(6.31) and the fact that 

(i) ,^1 , and are finite operators. 

(ii) Eq,(F.2) implies that Z ^ 1. 


22 

{iii)m "W mixes with • 

<m^w> = 


aM^ 


(F.3) 


^Here, ^ and are not the same in contrast to the scalar Q.E.D, 
and NAGT’s cases. The reason lies in the fact that is not 


multiplicatively renormalizable . It is easy to verify that 

2 Z’ 

^ m M 
Y - Y ^ 

' u u 


iEL« (^Y + ) 


(F.4) 
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Now, if i"t were possible to choose G ’s such that X has no 

n 

worse than simple poles then, the above equation implies that 

•-nso ^ 


dG 






which being the same as Eq.(5.49) implies that 
G{^ + 0{g*) 

meaning thereby that no further improvement is needed in O(g^). 
This contradicts the result obtained by direct calculationCS] . 
Hence, an improvement of type [A] cannot yield a finite energy 
momentum tensor. 

CASE II: Consider, now the of the following form 


- e + 


IJV 




f n-2 ^ G(^>gt^)1 (a 

[4(l-ny (1-n) i 


d -g 
(J V “pv 


(6.45) 


where 


00 


G(r,g^A) = -^:G(^:,g‘‘,X) = -^Z g*”G^(\.^:) 


n=o 


G (r,X)’s can have l/c terms also. Then 
n 

impp^u.R. ^ finite - rX«?V>*‘ 

where X is given by 

^ “ \b'^ G(£,e^,X )Zj^‘ 

X satisfies the following equation, 

A ,dX 


(6.46) 


(6.47) 


{~\C + ft ' ^11* ±B “17' 78 


= [(-X. . 

before, the existence of finite implies that 

+ (^)|^ “ finite 


-1 




As 


(6.48) 


(6.49) 


Eq. (6.49) is exactly similar to Eq.(5,63) and hence, 
considered in 0(g ) implies that 


when 
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G(ir,e*A) = + Oig* ) ( 6 . 50 ) 
which, as discussed in Chapter 5, leads to an inconsistency. 
Hence, it is impossible to find an improved energy momentum 
tensor of the form [B] also which may be finite to 


[6. 4] ENERGY MOMENTUM TENSOR IN A MODEL WITH TWO SCALARS 


In this section, we shall establish the impossibility of 
having a finite improvement program in a theory involving two 
interacting scalar fields. We shall restrict ourselves to the 
case of only two independent couplings and we shall assume the 
masses of the two scalar fields to be the same: this simplifies 
the treatment without altering the conclusion. We consider the 
Lagrangian density, 


X <p 






(6.51) 


The canonical energy momentum tensor 
©C = ~g h + 9 <P ^ 4> + ^ 

fJ"L> ®7Li2^ VI p 2 V 2 

does not have finite matrix elements beyond 0(X). We define an 
improved energy momentum tensor 


©’■"’P = + 

fJU fJV 




g a^)i<p^+ <p^ ) 

®/JV 1 2 


(6.52) 


As in the case of scalar <P - theory, finiteness of is 

sufficient to prove the finiteness of > Trace of is 


given by 


<a 


L 
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_l. 2,2^U.R 

+ <m_ <p^ m 4> > 

O 1 0 2 


/n~2, . 6S , . <5S u. R. 

33 + 33 > 

1 ^2 


1 jmr' y t ^ \ V • R • 

+ g<.d (0^ ) > 


(6.53) 

To obtain p^j^u.r. needs the renormalization of 

operators appearing in the above equation. As shown in Chapter 4 

and here are also 


for one scalar, “q ■*■ ^ 

finite operators and has the renormalization 


■= Cp(< * <)}' 


( 


X. <p 
o 


X 0 
o 


4 ! 4 ! 

following operators 

4 


■ijt 0^0^) mixes under renormalization with the 
4 0 12 


0 = - 

1 


X 

o 1 

4 ! 


X 

0 2 
4 ! 


1 2 
H <p <p 
4 0 12 


0^ = m/(0^ -H 0^) 

n - 


o. = ** H; 


0= = 


1 J.2 ,2 

H <P (p 
4 0 12 


0^ = ^< pI + <^2 ) 


(6.54) 


The above set is closed under renormalization, 
operators are defined as follows: 

</d"x 0^>* = x||- + «|| 


</d"xO,>" = -2m^ 
2 


am^ 


</d"xO >* = -/d’^x J* 

3 i 


6Zf 

1 


Renormalized 
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</d"xO / 


</ d"xO^>’* 

!3 


-/d^'x J* 
2 


H 


df- 


6J^ 


(6.55) 


[The definition of is valid only to 0 (k). This is due to the 
fact that X is not multiplicatively renormaliaable. However, 
our treatment needs only 0(«) quantities and hence, the above 
definition is correct for our purpose] , 

The renormalization matrix is defined by 
<0 ■= Z <Q >" 

V VJ 'J 


where 


Z 


11 


0 

0 

0 

z. 


12 


1 

0 

0 


SI 


13 


0 

1 

0 


S2 


14 


0 

0 

1 


S3 


13 


0 

0 

0 


S4 


0 0 0 0 


IS 


0 

0 

0 


ss 


S<5 

,-l 


(6.56) 


Thus , we have 


^ finite - eZ~^ 

Z j=l,2, ,5 can be obtained by considering </d"x 

they are found "to have only siinplo polos* 


ii. 


1 - 

1 “X? 



z 


1 4^ 


(6.57) 

O* > and 


12 




(6.58) 


Hence, at zero momentum is finite. At non zero 

momentum, Eq.(6.57) reduces to 

imp^^u.R ^ finite - ^X<dV>* 


(6.59) 
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where 


X = |Z~'= gl^ 

S m Its m 

To obtain a finite one should be able to choose a g such 

that X has no worse than simple poles. We will now show that it 
is not possible to do so in a consistent manner with either an 
improvement term of type [A] or an improvement term of type 
[B]. 

CASE I: Consider an improved energy momentum tensor of the form 


e 


V mp _ 


tJV 


- & 


(JV 


r n-2 
[ 4(l-n 


g(r,«^p ) 


) 


(1-n) 


(6.60) 


where 

g{c ) H - ) 

= - f (6.61) 

n=o 

g is a finite function of its arguments, whereas g and can 

have lA terms also. From Eq.(6.56) and the RG equation forZ. 


^Ti <^\y = 

one easily obtains the RG equation satisfied by Z^^[4], 

X 


S7* ^ Z ^ 

>- -■y * i-..: * p” ) ^ = \,r.. 


tm 


'is* S€» 

re. 63) 


where the relevant RG functions are defined below: 

^^(X,X,r) = + = ^~3p|bar« 

^ K I 

- -XS + (i S 

^^{\,x,e) = X^(X,«) (6.64) 

Eqs.(6.63) and (4.16) when combined together yield the RG 



equation satisfied by X 


( -\c + ) 


<?X 




+ ( -KS + (f ) 


dX 


Sh 


- 2?- X 
m 




CO 


n'=0 


{ng^ 


p''") + 


dgr^{e,xy ) 


X 


z 

5<s 


-icl --i 

r Z 
j m 


( 6 . 65 ) 


As discussed in earlier sections, finiteness of requires 

that the right hand side of Eq.(6.65) have no worse than simple 

poles, which in turn, implies that 

g(£ ) = g^(.c) + 0(x!^) (6.66) 

which contradicts the result obtained by direct calculation[4] . 
Hence, an improvement of type [A] cannot yield a finite energy 
momentum tensor. 

CASE II: Consider, now of the following form 


e 


V mp 
(JU 



[■ 


n-2 
4( 1-n) 


+ 


g(£,X ,X) 1 

(1-n) J 


(d d -g 9 )(4> + <p ) 


where 


g{s ,x,X) 


00 

C ,H ,X) - - g^{\ ,s) 

n=:0 


(6.67) 


g^(«,X) '3 

can have lA 

terms 

also. 

Then 

X satisfies 

the 

following 

equation. 






{ -\£ 


ft’" 

^ '9h 

- 2yX- 

Id 






+ ( -X£ 


C 

(6. 

,68) 


X will have no worse than simple poles provided the right hand 
side of Eq.(6.68) has no worse than simple poles. This implies, 
when leading dependence of 0^ and is taken into account, 


that 
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which leads to a contradiction. Hence, it is impossible to find 

an improved energy momentum tensor of the form [B] also which 
may be finite to 


[6. 5] CONCLUSION 

It has been shown in Chapters 5 and 6 that, in all the four 
theories under consideration viz. scalar Q.E.D., NAGT's with 
scalars, Yukawa theory and a theory of two interacting scalar 
fields, it is ji mpossible to have a finite improvement program. 
This means that one has to necessarily add extra infinite 
counterterms to make the matrix elements of the er^gy momentum 
tensor finite and hence, in these theories, one needs to 
determine an extra parameter from the experiment to define the 
theory completely. 
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APPENDIX A 


In this appendix, we shall prove the identity of Eq. 
viz. for A 0 , and any operator X, 

IT> 

m ^ 

m 

=- 4 - 

m 

*Vk ^ 


Noco using 

one obtains for any Y, 

= X <P^Y + ^i<pZ 

mm m (J 

Using (A. 3) in (A.l) and simplifying, one obtains Eq. ( 


(2.45) 

(2.45) 

(x)]]- 

(A.l) 

(A. 2) 

(A. 3) 
L45) . 


A-1 
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APPENDIX B 


In this appendix, we shall derive the general form of the 
operator 0(2n) stated in Sec. [2.3] 


From Eq.(2.42), we have 
0 ( 2 n) = lim 


1 d 

TFTTi 


^(M ) 




n i 3 


= lim )exp(-\VM^ )?'<?!' (x) (B.l) 

m m m Sm 

We shall first prove by induction that ( <P^ {x)r 4> (x) has 

m m 5 m 

the form (n ^ 3;>. >^0) 

m 

Y' [x)r <P (x) = ^ r <P ^ 

+ ( -7 ( X ) c [-- ir^m ( X )} 

(B.2) 

where the last terra has (2n-5) commutators. For n = 3, the 

result is true by virtue of Eq.(2.46). 

Let the result be true for n = r. In other words, let 

+ (-1 <?^|^<^^(x)[C--[r^,lif].j5]--?53rj,<js>„(x)j- 


commutators- 


(B.3) 


for some .Vie shall prove the result for n - r+1 . Consider 


( ->Y ( X ( X ) = ( ) 

m m 5 m 




m 5 ' m 


} 


m\ m fjv‘rs mj 

+ ( -7 (x) [ [•••■ 

B-1 



B-2 


(B.4) 

Applying Eq. (2.45) to the second term on the right hand side, 

[-- Lr^,m. ( x ) j- 

* — 2r-5 — commutators * 

V- ',r» ^ 

^ — 2r-4 — commutators > 

-.^_^^’[<5t^(x)r,,[C--Cy^ ,^2],p].-.]73y> (X)]} CB.5) 

.mu- Lj D m I 

m 

* — 2r -5 — commutators » 

Applying Eq.(2.40) once more to the first term on the right 
hand side one obtains' 

->'■1,^^ ( y- ) [ C— Ir^ , J53 , (X)] 

= -|^j^d>^(x)[C-.. Cr^,]^] ,J53--S>3r30^(x)]' 
i — 2r-3 — commutators » 

(B.6) 

< 2r-4 — commutators * 

while the second term in Eq.(B.5) yields 

< [ [■••• [''p • *>5 ■ ® 3-- ( ^ )} 

= •^y-^[0^(x)y^,[[----[r^,]?3,?>3----P3?'s;0 <^„(x)]- (B.7) 

i — 2r- — ^5 — commutators > 

Combining Eqs . ( B . 5 ) , ( B . 6 ) , ( B. 7 > in Eq.(B.4) one obtains 


( ~x ) <p r jp 

m n) 5 m 


♦■2r- 4 commutators * 

+1 ( -1 )"~^<plr^ [ [-■ ir^ , B*3 , I^3--I?3r59^^} 

f- 2 r - 5 — commut a t o r s » 

+ ( -i ( X ) [ [-- , 3J3 . 253--03?'5<j!>„ ( x)} 

♦— 2r- 3 — commutators — > 


B-2 



B-3 


-a a <P 

+ i~^f-^a^ U'l{x)[ [-- [y . 93 , 1?]--J5]r 


where 


(Jt> ^-u 


[ [-- ir^,t>], 93--U3 

«-2r-4— coimnut.ators-» 

-i( [ [-- ir .m, 93--93]? 


with K = — g 1 (B. 9) 

In Eq.(B.8) we have proved the result of Eq.(B.2) for n = 
r+1. Hence the proof of Eq.(B.2) by induction is complete. 

Using the result of Eq.(B.2) in Eq.CB.l), we obtain 
0(2n) = lim E exp( -9^/hf )<?!> 

m 

+ ^ !(x)C[--[y 93,9]"" exp (-?)'' /M^)4 !>^(x)| 

ni 

(B. 10) 

The restriction -v 5^0 can be removed as in the case of 0(6). (See 

m 

Eqs . ( 2 . 48 ) ) . To see this, we consider the additional terms needed 
to remove the restriction in the curly bracket of Eq. (B.IO). 
They are 

X =o -o 

m rn 

Th6se can be shown to vanish as in the case of 0(6) using E< 3 .. 
(B.9). We thus have 

0(2n) ^ d a 0'"’(2n-2) + ^o'^'(2n-l) (B.ll) 

^ /J l> IJV fj 

where 


( 2n 2) - 1J.1U <n-2) ■ 3 


tm - 

M ' -*<X! 


k';; v„ exT?i-f 


and 
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0 


< 2) 




(2n-l) = 


M ^00 


i 

< n - 2 ) ! 


m ^2n**'5c ommu t a t o r 

xexp(-^^/tf jj--<P (x)'l tB.13) 

3 m ! 


To prove the result stated at the beginning of Sec. [2. 3], we 
have to show that and 0^^^ are local, gauge invariant 

operators of gauge fields. To this end, we first note that on 
account of Eq.(.B.9), is a polynomial in 0 say K^”’(J5). 

Thus 0^^^(2n-2) can be evaluated as done for the anomaly viz; 

0'"'(2n-2) = l^m 53 eKp(-f/lf)<P^(x) 

^ M -^00 ' ' m ^ 

. l|-m +t)^}expC-(l^ +t3^)^/M*3 

M -»co < 2 rr ) ^ 


(B.14) 


In the limit tf-* oo, only a finite number of terms contribute to 

0^^^ ( 2n-2 )and the resultant expression is local in A^.A similar 

< 2 > 

argument applies to (2n-i). 

To prove the gauge invariance of 0^^^ ( 2n-2 }and 0^^^(2n-l), 
we note that they are both of the form 

i: .j^'’'(x)f (IJ)exp(-\''/hf )<?^ (X) 

m mm 

where f(j3) is a matrix polynomial in p. 

This is invariant under a gauge transformation as under a 


gauge transformation, the basis functions <P^ change to 

(x)-* ’ (x) = expCta(x)3<?i' (x): 

<^“*'(xU <fi^’(x) = ’ (x)exp[-ici(x)] 

m m m 

whereas 

(x) f(U’)<j!’ ’(X) = exp [ta(x)3f 

Hence o‘i(2n-2) and 0^^^(2n-l) are gauge invariant. 


(B. 15) 
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APPENDIX C 


In this appendix, we show that f occuring in 
Eq.(2.54) are rion'-'trivial ( i . e . individually non“zero) by 
working out f to the lowest non-trivial order in vi3.0(g^). 


From Eq.(2,52), 0^"" ' ( 5 ) has the form 




S& 

= C'g^ ^ 

O nS (J *^0 J. , a 


(C.l) 


6 a: 


where C and C’ are constants and S 


f d*x TrCF^^F^**) 


2g 


We can express 0‘^t5) as 

(f’(5) “ 

fj 




6A. 


eff p ad 

a fj 


— d —a -,ad 

r T V' F^ 


ghost ^ad I 

J 


(C.2) 

We shall show that ^ <0^^’(5)> leads to a non-trivial divergence 
when one considers the two-fermion matrix elements of 
in one loop approximation. This would mean a non-trivial 
f^(g^,ln^f) to 0(g*). 

^ < 2 > 

Consider the two-fermion matrix element of 0^ (5) of 

Eq.(C.2) in the one loop approximation . The last term involving 
S does not contribute to one loop diagrams as fermions do 

ghost 

not couple to ghosts directly. On account of equations of 



G-2 


motion valid to one loop approximation, we have 
<3 ^ 

\ - _j°- V- 


c JI CL R 

4,<A^> 


r * a R 

6<,A, > 


(C.3) 


Thus, the effective dimensions of this term in 0 (5) is 

fml 

reduced from five to two as 6r/6<.A^>'* is finite. This term has 


at best InM^ divergences coming from Z” 

n <0(6)> 


Thus, it does not 


contribute to lim 

u ■♦00 

It is straightforward to verify that the middle term in 


the right hand side of Eq.(C.2) does indeed lead to 


quadrat,! cal ly divergent two-fermion proper vertex. This leads 
to a divergence of O(g^M^). Thhs f (g^,lnlf) 5>' 0 to 0(g*). 

O 3 
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APPENDIX D 

Here we shall show that of Eq.C4.47) is non— zero by 
diagonalization of A which turns out to be straightforward 
enough. We shall give a sequence of operations which will 
diagonalize . 

By operation we shall mean subtracting from a*'^ 

row the x multiple of the b*^*^ row. This operation, of course, 
leaves a determinant unchanged. 

Now we perform successively R — - — R ,R — R 

p+1 2p'»*i p r P+r r-1 , 

^ R - — ~~ R . We take a factor of — ^ common from the 

2 p-t z 1 p-^ r 

r^^ row (r = 2, 3, . . . .,p+l). The result is 



(D.2) 

We perform similar operations on the pxp submatrix. We shall 



proceed by induction. Let after i 
, n> 


D-2 

operations we have the 


determinant A 
1 
0 


of the form 




0 


P+1 

0 


0 

0 



0 


(D.3) 

where the (p+l-i ) x( (p+l-i ) principal minor at the bottom is 
given in particular by 




(k-l) (k-i ) r = (i+l) 

(p+r+l-k) (p+3-k) ’ 3 = 1, 2, 


(P+I) 

(P+1) 


{D.4) 


t Vi 

Then the (v + 1) operation 

2p~i + 1 ' j 

■ 

leads after taking a factor of 


R 


■R 


p-l +r r-l ’ 


p-i +r 


common from r 


Ih 


row to 


. (i+i) , 

A where 
(i> 


A 

, l-M 




p^± 

= n. 


r =1+2 P“l -V-r 

and A 


. < 1 + 1 ) 


(p+r+l-k) 


^ <l+r> 

A 

(D.5) 

a'''^ but with 1- — >''•+1 

and 

the bottom given by 

) r = ( 5- +2 ) 

. (P+1 ) 

) ’ k = 2, 

. (p+1 ) 


(D.6) 
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The above staement has been verified for i=0 above. To prove it 
for arbitrary i, we start from of Eq.(D.4) and perform the 
operations given below it. Then where 


r = (1+2), . . . (p+1) 
3 = 1,2 (p+1) 


(k-1 ) (k-2) (k-i -1 ) 


Taking factor of 


( p-i +r) 


common from r row C (i-+2)5 r^p+l] we 


see that the result in (D.6) above is proved. 


As a result of p such successive operations one ends up 
with A^’^^ whose diagonal elements are all non zero [See 
Eq.(D.4) for A^^\ ]. Hence A^*^’ and A**^’ are non zero. This 

l+l,L+l 

proves the result. 
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APPENDIX E 


In this appendix, we will show explicitely (for the case of 
scalar Q.E.D. ) that X does have double poles to 0(X^e^ ) , thus 
proving that, for no choice of g of either form chosen in 
sections [5.5] and [5.6] does X have no poles higher than 
simple poles. 


It is 


shown 


by Brown that 


g^(^) 


begins with 


0(£'^ ). Therefore , g (£-)Z ^ does not have worse than simple poles 

O m 


upto O(X^e^) 


Hence, double poles in X 


2 2 

to 0(X e ) arise 


entirely from Z 


17 


One may verify by direct calculation that Z^^ has no worse 


than simple poles in 0(Xe ) and that 
„<1) i 


where 


17 < 1 , 1 ) 

,<r) 


1 an 




(E.l) 




denotes the coefficient of 


Xe 


2 n 


in Z 


17 


The RGE for Z^^ can be written using Eq.(5.35) as 


But 




(-Xc + ft ft^ )-^ 
ft^: +,^' 


4+4 


r 1 r'l ' 


ft^+ft^- 

2-i-^ 

e^ 


(v + ^ ’ ) 

37 37 


(E.2) 


r +T ’ 

1 7 17 


^“55r^i7 


^ 7<i> 

"37” “^i? 


V +J' ’ = 

^37 57 


-X ^ 

^”3X^^57 


_£ 

57 


(E.3) 



E -2 


as seen, easily from Eq . (E. 2 ) and the corrresponding R6 equation 
ior respectively. Therefore Eq.(E. 2 ) can be rewritten as 


{-Kc + (3^+ (f^ + ( 


2 


d Z 
d\ 


-T- ^ )Z.7 

1 2 




ts- d it) 

z 


[^] [^lr<C’-C 
IrC * [ M 


> - j lr(C- C'] 


d „(i> 

e Z 

< 7 e 37 


2 

which in 0(e ) reduces to 


(E. 4 ) 


(-X* + d:* ) 1 ^ 2.7 


a Z 

-_ 17 

2 < 7 e 


2(''„ - >Z., 

1 2 


^ \ ^ ± ^ Z \ d ^7<±) 7<i>x 1 

= finite t J 1^ ' ^=7 > J 




+ 2 


r -i — il X - ?--(Z‘^^-Z 

e^ J ^37 K£ Z Wa^ 17 I 


+ 0(e®) 

37 


{E. 5 ) 


comparing the coeffcients of — • on both sides of Eq.(E. 5 ) 
one obtains, 


-3 <" 1 ,., = <'>i - ^r>c.., 


(E.6) 

I m ' 17<l,l> 

1 

where we have used that 

(i) (Z^7"2 jj.j,) has no poles in & ) because 0^-0^^ = 5- 

is proportional tO X upto 0 (e ). 


X^(<^ ^ ) 
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(iii) At e=0, begins as . 

17 

(iv) (Z - 2 ) has no poles in 0(Xe ), because j-i 

17 S7 I 

does not need counter terms of the form 3 {<p <p) in 

O(Xe^) . 

But [See Eq. (5.19)3 

((?, - ^ 0 
2 m 

1 

therefore Eqs.(E.l) and (E.6) together imply that (and hence X = 
2 + g (c)Z does have double poles in O(X^e^). Therefore. the 

17 O m 

improvement coefficient (^ ) does not work in 0(X^e*). 



F-1 


APPENDIX F 


In this appendix, we will show(in the context of scalar 
Q.E.D.) that the operator mixes under renormalization 

only with operators which vanish by classical equations of 
motion viz. 0^ and 0^ of chapter 5 to all orders. We shall also 
show that the operator (A^d.A) is a finite operator to all 

orders . 

We perform the following gauge transformation on the 
integration variables of the generating functional of Eq.(5.2): 

A^(x) > A^(x) + <»^A(x) 

,^(x) * [1 + ieA(x)] <^(x) 

1 ^* ( X ) *■ [l-<.eA(x)]<^*(x) (F.l) 

where we let A(x) = / G(x,y)0[A(y)3d”y. Here, 9 is an 

infinitesimal quantity and may depend on gauge fields. G(x,y) 
is defined by 

G(x,y) = 6"(x-y) (F.2) 

or equivalently 

,n, Lk < x-y> 

(F.3) 

2 

k iS 

The Jacobian for the above infinitesimal transformation is 
field independent as long as 9 depends on A^ linearly and hence 
can be neglected as it is an overall factor in W. 

Transformation (F.l) leads to a WT identity 
<-f^/d"y [^.A] 0CA(y)3 + /J^(x)^ 5^G(x,y) ©[A(y )3d"xd"y 
+ <P{x) G(x.y) © [A(y)3 d"x d’^y 


G(x,y) J 

( zn> 
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+ e^)cp (x)G(x,y)e A(y)3d"xd"y> 

=0 (F.4) 

We let e [A(y)3= - ^.A(y) r(y) and compare coefficients of 
<£^(y) and thus get, 


""■C^-ACy)]^ 


^G(x,y )<d. A(y ) >d"x 


2 ^ ' X 

t e 

o ^ 


+ fJ (x)G(x,y)<0(x)'^. A(y)>d’^x 


i. e 


-°/J(x)G(x,y ) <4>* (x)d. A(y)>d'^x 


We note that J = 

AJ 


_ 6r „-i/2 


<0^> = <j’Ld.k{y)f> = 


(F.5) 


7 I 


sr 




•Z ^G( X , y ) <.^ . A( y ) >d"x 


A e 


o I' (5r 


6 *" (X) 


Z *'^^G( X , y ) <0( X . A(y ) >d"x 


i. e 


„ 


2 ! \ 
6 $ ( X ) 


Z‘'''^G(x.y)<<^-’^(x)^.A(y )>d'’x 


(F.6) 


From (F.6) it follows that the divergence in the left hand side 
which must be local functional of dimension four must have the 
form[see F.N.2 of chapter 5], 

6S ^R, <5S 


<0 > = ot(r) + fH£){ 

^ 6j.?*(y) ^ ^ <5<P’' 6<p 


R' ,T»R^ j 


(F.7) 


and thus can mix with 0^ and 0^ only. Actually the term in 

“1/2 R 

(F.6) proportional to is finite since Z^ <A^> = <A^ >, 

Next, we show that ^^<d^iS.A k^)> is a finite operator. 
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This has already been shown in the appendix of Ref. 8 of chapter 
^ the context of non“abelian gauge theories ( where there 
are additional ghost terms in the operator ). But a simpler proof 
can be given in the present context from Eq.(F.4). We let 
0[A(y)] = iy) 

and compare coefficients of r'^(y) to get 

2 ° C^. A(y)A^(y)] = d^Q,{x,y) < a.A^(y) >d"x 

+ W G(x,y) <<^(x) d.A (y) >d’'x 


-4e^/J(x)G(x,y)«/>* (x )£> . A^ (y ) >d^x (F.8) 

= - J ^ '^G(x,y) < ^.A%y) >d"x 

6^(x) ^ ^ 

~ — G(x,y)<Z''*'"V(x)d.A (y)>d"x 

( X ) ^ 


+ 6e f ^„G(x.y)<Z ^^V(x}d.A^(y)>d"x <F.9) 

As before the first term on the right hand side of Eq.(F.9) is 
finite and the divergence in the left hand side of Eq.{F.9) has 


the form 


(a. A(y)A (y)> 

P 


P 




.*R p 




where F^ and F* are local functionals. But S.k A^ is a 
dimension three operator. Hence ^ F^ and F^ must be 
dimensionless. But the right hand side must be a globally U(l)~ 
invariant operator. Hence, ~ ~ ^ such F^- F^ 


exists . 



F-4 

Thla proves the flnlteness ol t^Cd.AA^) and hence of 

<ro«^(9.AAp). 
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APPENDIX G 


In this appendix, we shall obtain the Eq.(G.ll) used in 
Sec. [5.5] . 

Firstly, one may notice that all Z 's except Z and Z 

Lj 11 125 

are polynomials in both X and e^ . [Z and Z have terms 

11 IS 

proportional to e‘*/X because X is not multiplicatively 

renormalizable . <5X in Eq.(5.4) begins with OCe"*) and therefore 
has terms proportional to e'^A also] . Nevertheless , Z_ and 
Z _ can also be considered as polynomials in loop expansion 

IS 

2 

parameter a. As apparent from Eq.(5.29),X^ and e^ both appear 

with a and therefore the ratio e'*A is also proportional to a. 

Therefore, if one expands Z (or Z^_ ) in powers of a, only 

positive powers appear. Hence, Z^^ exists, when is 

considered as a power series in a .And therefore, as argued 

before, Z satisfies the equation 
'■} 

Z"‘ p: -4- Z , = r , - finite (G. 1 ) 

IJ jk tk 

Using the form of 2 in Eq.(5.15), the above equation (for >■= 1, 
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Combining this with Eq.(G.2) one obtains 


55 1 


^ Z _ -z u Z -Z (Z Z - Z Z ) U 


Z p ’y— Z ■“ Z JLi *3-— Z _ ^ _ 

17 15^1 ^57 m ' 5S 17 


57 15 


1 *3Ji m 
1 


= r (Z Z - Z Z ) 

17 11^15 15 51 ^ 


(G. 


Similarly, using 


( z"‘ J- Z ) = / 

1 57 5V 


(G. 


and 


^2")=,= -~r"2 — 


(Z'") 


11 55 


15 5 1 


55 


1 1 

— 2 r-^ 

i 1 55 


(Z-‘) 


Z (Z z 

m 11 57 


Z Z ) 

17 51 


57 


1 — 2 — — 2 — 

11 55 15 51 


one obtains 




a 


-z ^^Z-^Z Ai^Z-Z(ZZ-ZZ)p-^Z 

51 ^1 17 11 '^l ajj 57 m ^ 11 57 17 15 1 n 


= r (Z Z -Z Z ) 

' 57 ^ 11 ^55 15 51 ^ 


(G 


Multiplying Eqy(G.4) by and Eq.(G.7) by Z^^ and adding, 
obtains , 

3^ ^17 ^17 ~ ^11^17^ ^15*^57 

1 1 

Where we have used Eq .( 5 . 10 ). Similarly one can show that 


a „ 

-s— Z 


2r Z=Z?'-^Z ' 

2 au 17 m 17 11 17 15 57 

2 2 


where and are defined by 

(z"V J- z) = ^ ' 


(G.; 


(G. 


Now 


^ 7 - 

^17 ■ 

1 


. dZ dZ^^ 

X 17 1 7 

{- \s ^ ft ^ 


a 


+ C A Z 


and 


^ 7 - 

U -3^ Z^ _ - 
*^2 d(j^ 17 


az 


- dZ 
X 17 


2 ax 


^ 3^^17 


Hence Z satisfies the following equation; 


17 


4) 


5) 


■~T“ 

15 54 

G.6) 


.7) 

one 

(G.8) 


) 


10 ) 
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X ^2 ^ 

X.. ^ 


dZ 

e 17 

+ l - ‘r li ^ 0 ) -r 

7 1 2 <7<S 


2(r + r )Z 


m 17 
2 


r 7 




11 1 


17 


15 57 57 


(G.ll) 
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APPENDIX H 


In "this appendix, we will show that the set of operators 

= ■ ,8] in Sec. [6.2] is closed under renormalization and 

that the operator 
0 ’ = ? 

o b 

is a finite operator. 

Consider the operator 

0 = ^ C* D“'’C^ 

a 

which is invariant under BRS transformations. If one considers 
an action with a source terra added that couples to 0, 

S' = S + /d"x N(x)0(x) 

then S' is also BRS invariant. From this fact, it is easy to 
show that the WT identity satisfied by the divergent part of 
the generating functional for proper vertices with one 
insertion of 0(x) is identical to that satisfied by the 
corresponding generating functional for a gauge invariant 
operator. Hence, it can only mix with those operators that mix 
with a dimension 4 Lorentz scalar operator. These operators are 
(0^-0^), 0^, 0^, 0^, (0^-0^) and 0^. Now, from equations of 
motion of antighost field it is easy to show that is 

a finite operator. Further, ) > satisfies the Ward 
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~ I (H.l) 

Not-e t-hat, each t.erra on the right hand side is proportional 
to a source. Hence, the only operators from the above set 
consistent with Eq. (H.l) are 0 , 0 and 0 . Hence, only 2 

3 ♦ 5 73 ’ 

^ 74 . ^73 non-zero, while is 1. 

The operator 0^ is a class I gauge- invariant operatorEsee 
Ref . 8 of chapter 5] . It can mix only with class I operators 
(here and 0^) and with class II operators (here 0^^). (0^-0^), 

^ 2 ’ gauge-invariant operators which do not 

vanish by equations of motion and from the results about 
renormalization of gauge invariant operators they can only mix 
with themselves and operators 0 , 0 and 0 . Hence, the set 0 
is closed under renormalization. 

Next, we shall show that the operator 
0’ = {d.h'") - 'C 

Ojj ' a. fj h 

is a finite operator. This follows from the identity 

<-| ?^A“(x)d.A“(x) + r"(x)D“''C^^(x)> 

= t<n (X) A“(x) /d'^xT D*'’^C,(x’) 

a fJ pJ fj <1 

®o*bd. C^U’)O.(X’) 

- I n^(x' )]> (H.2) 

"■*5^ 

This Ward identity is very similar to. the one satisfied by ^ 
A^(x)d.A(x) given in Appendix F for the scalar Q.E.k). case in’^ 
that each term on the right hand side is proportional to a 
source. The argument following Eq.(F.8) based on dimensions and-^ 
global gauge invariance applies here also and the right han<^ 
side of Eq.(H.2) is finite proving the finiteness ?of O'. 



ERRATUM 


On page S-21, read L.H.S. of Eq.(2.57) as 


On page 3-t7 , read'R.H.S of Eq.(3.5> as ^ 

& H d - q^S ')4> 


On page 3-13, line #11 replace a^^ by a 


AO 


On 


page 3-10 read Eq.(3.14) as^g 

S = S. 


8(n-1) 


•-V 


it ft 

On page 3-13 Eq.(3.22) replace L.H.S. fay »t^(X,m/p > 

In footnote on page 4-9 replace & ^ 

On page 4-12, last line , replace 4-42 fay 4-43 

On page 5-6 footnote the equations are 
Z = Z-"-"* and Z = 1 + 0(e“) 


On page 5-8 add ^ 

Q = m ^ <9^ to Eq.<5.11) 
a <» 

On page 5-12 in Eq.(5.2) replace 

1 fay 9 ^ 


On page 5-12 read Eq.<5.22) F^+F^fI 

^ _ni?4.-2r-(F ^ ^ i- ^ j'F'J 


yiA 


/j* V ^ 

+ y fA D <d.A) + A ^ 

^ o *- V P 

ft ’3f’ 

O u Q nf Ea.(5.25) as <9 i<P 
j Tact term on R-H«o« or 1 : 1^1 ■ 

On page 5-13 read the Iasi term u . „ • 

„ ^ ti-= I H S of Eq.C5.26> as <& ^ 

On page 5-13 read the L.H.S. ot q p 

=v ^4 replace " - 
On page 5-14 replace 


j I us of Eq.t6.30) as ^ 

On page 6.10 read L.H.b ot tg 

On page 6-15 read second line of F-3 as 

_ 6S and £§ <j& are finite operators. 
( i ) || ¥' » ¥- ^1*' 


1 



On page 6 20 in Eq.(6.63) replace y by y 

« ‘ 

On page A-1 L.H.S. of Eg. (A. 2) reads C-# + ^ 3 = X ^(x> 

mm 

On page B-2 in fifth line replace Eq.(2.40) by Eq.C2.45>. 

On page B-2 last equation replace f i by f i 1^"® and 

C- by C- 4 ^ ^ y C . 3 and 

On page B-14 read L.H.S. of B-14 as 0^^‘c2n-2). 
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